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1 
1. INTRODUCTION 
1.1. Object 
Reinforcing bars of high-strength steel are commonly used in 
reinforced concrete beams and columns in the U.S.A. and abroad, since they 
result in a considerable saving in the cost of the structure. Two grades 
of steel meeting the ASTM Specifications A615-68 for high-strength 
reinforcing bars (Grade 60 and 75) are available in the U.S.A. 
Ultimate strength design of reinforced concrete sections in 
* accordance with the 1963 ACI Code (1) is based on the assumption of an 
ideal elasto-plastic (flat-top) stress-strain relationship for the reinforce-
mente However, the actual stress-strain relationship for high-strength 
reinforcement is far from being elasto-plastic. Some reinforcing bars, 
particularly those meeting the ASTM specifications for Grade 75 steel, 
and some European and British steels do not always have a well-defined yield 
point and a flat-plateau. Moreover, even those steels which do have a well-
defined yield pOlnt, including most Grade 40 and some Grade 60 steels, . 
exhibit strain-hardening; some of these have a very short flat-plateau, and 
others a considerably long one. 
If a reinforced concrete section is analyzed using strain 
compatibility and e~uilibrium of forces, steel strains at ultimate capacity 
may lie in such regions of the stress-strain curve that steel stresses 
either smaller or greater than the yield strength f ) as assumed in the y 
ACI Code, may be obtained. For under-reinforced beams, or for columns 
* Numbers in parentheses refer to the corresponding numbers in the List 
of References. 
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subjected to small axial loads and large bending moments, steel stresses 
greater than f may be obtained, whereas for columns subjected to large y 
axial loads and small bending moments, steel stresses smaller than f may y 
be obtained if the steel has such a stress-strain curve that a part of it 
lies below the ideal flat-plateau in the region near the yield point. 
Consequently, different ultimate capacity of the section will be obtained 
as compared to that calculated according to the equations given in the 
ACI Code. Moreover, the steel strains depend on the value of ultimate 
concrete strain E in the extreme compression fiber. If a higher value of 
u 
Ethan 0.003 assumed in the ACI Code is permitted, greater steel strains 
u 
are obtained which result in greater steel stresses, unless the strains 
are on the flat-plateau, and hence in greater ultimate moments. Also, 
variations in the percentage of reinforcement and the concrete strength 
result in different steel strains and hence different stresses and moments. 
Furthermore, if the section is loaded slowly up to failure, or if the 
working load is sustained on the section for some time and then the section 
is further loaded to failure in a short time, creep and shrinkage of concrete 
change the stress-strain relationship for concrete and hence result in· 
different concrete and steel strains, which in turn result in different 
ultimate capacities than for the short-time loading. 
The object of this research is to investigate analytically the 
effects of the stress-strain curves of reinforcing bars of various types 
of steel on the strength and behavior of reinforced concrete sections 
subjected to various combinations of axial load and bending moment. This 
has been done by means of a method of analysis which considers realistic 
properties of the steel and concrete. 
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1.2. Scope 
The effects of the stress-strain curve of reinforcement have been 
investigated for four different stress-strain curves for each of the two 
grades of steel, ASTM Grades 60 and 75. For each grade of steel, one of 
the chosen stress-strain curves corresponded to the ideal elasto-plastic 
relationship assumed in the 1963 ACI Code. 
The effects have been studied by obtaining complete load-moment 
and load-curvature diagrams for short-time loading of a 15-in. square 
reinforced concrete section for three values of total steel ratio Pt = 0.01, 
0.04 and 0.08 and three values of concrete strength f! = 3000, 4000 and 
c 
5000 psi for each of the eight stress-strain curves for steel. 
Similar analyses assuming a slow loading have been made for the 
same section for two values of Pt 0.01 and 0.08 and one value of fl = 3000, 
,c 
for three stress-strain curves of each grade of steel including the flat-top 
steel. For the combination of sustained and short-time loading, analyses of 
the same section have been made for three stress-strain curves for Grade 60 
steel and two c~rves for Grade 75 steel for the same values of Pt and f' c 
as for slow loading. 
The effects of typical stress-strain curves of Cadweld-spliced 
reinforcing bars of Grade 60 and Grade 75 steel have been studied for the 
three loading conditions and for the same three values of Pt and f~ as 
stated above for the unspliced bars. 
Most of the analyses have been made for one value of cover over 
the reinforcement. However, in order to study the effect of varying the 
cover, two values have been considered in analyses for two stress-strain 
curves of Grade 60 steel with Pt = 0.04 and f~ = 4000 psi. 
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The effects of various stress-strain curves for the reinforcement 
have been studied by calculating ultimate capacities for an ultimate con-
crete strain E limited to 0.003, as specified in the 1963 ACI Code, and 
u 
also by determining ultimate capacities by maximization of moment at a 
given axial load but with E limited to 0.010. 
u 
1.3. Outline of Report 
Discussion of ultimate strength design, as specified in the ACI 
Code, is presented in Chapter 2 to point out the differences that could be 
obtained by using the realistic stress-strain curves for the reinforcement. 
A review of pertinent previous analytical and experimental work also is 
presented in this chapter. 
The method of analysis for obtaining load-moment and load-curvature 
diagrams which will be used to study the effects of the stress-strain curves 
of the reinforcement is presented in Chapter 3. 
In Chapter 4, some stress-strain curves of reinforcing bars and 
of concrete determined from tests in various laboratories are presented 
and, considering the ASTM specifications and the ACI Code requirements, 
realistic stress-strain curves for reinforcement and concrete are selected 
for analyses in subsequent chapters. 
The use of the method of analysis presented in Chapter 3 is 
explained in Chapter 5 by obtaining a typical interaction diagram for a 
15-in. square reinforced concrete section provided with ASTM Grade 60 steel. 
In Chapter 6, validity of the method of analysis given in Chapter 3 
is tested by comparing the analytical results with the available experimental 
results. 
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Analyses of a 15-in. square reinforced concrete section provided 
with ASTM Grade 60 steels are presented and discussed in Chapter 7. The 
section is assumed to have been loaded in a short-time so that the effects 
of creep and shrinkage of concrete are neglected. Detailed explanations 
of the effects of the stress-strain curves of these steels are presented 
for various combinations of total steel ratio and concrete strength. 
Analyses and explanations similar to those given in Chapter 7 are 
presented in Chapter 8 for reinforcing bars of ASTM Grade 75 steel. 
In Chapter 9, effects of creep and shrinkage of concrete are 
considered in the analyses and the effects of the stress-strain curves of 
ASTM Grade 60 and Grade 75 steels are explained. Two loading conditions, 
namely, slow and continuous loadings up to failure, and combination of 
sustained and short-time loading are considered. The stress-strain curves 
for concrete modified to suit these loa.ding conditions are explained. 
In Chapter 10, analyses using typical stress-strain curves for 
Cadweld-spliced reinforcing bars of ASTM Grade 60 and Grade 75 steels are 
presented and discussed for three loading conditions, namely, short-time 
loading, slow loading, and combination of sustained and short-time loadings. 
1.4. Notation 
A area of tension steel 
s 
AI area of compression steel 
s 
A area of compression steel 
sc 
Ast area of tension steel 
E modulus of elasticity of concrete 
c 
E modulus of elasticity of steel 
s 
M moment at any stage of loading 
6 
Mb moment at balanced conditions 
MO = ultimate moment for zero axial load 
= MO for steel 2 according to the ACI Code 
MO for steel 7 according to the ACI Code 
ultimate moment at any level of axial load for any steel 
M for steel 2 
u 
= M for steel 7 u 
axial load at any stage of 'loading 
axial load at balanced conditions 
P concrete force 
c 
P compression steel force 
sc 
Pst tension steel force 
Po ultimate axial load for zero eccentricity 
P02 Po for steel 2 
P07 Po for steel 7 
P ultimate axial load for any steel 
u 
b width of compression face of section 
d effective depth of section 
d' distance of centroid of compression steel from extreme compression 
fiber 
e eccentricity of axial load from plastic centroid of section 
~ e at balanced condition = ~/Pb 
f concre.te stress 
c 
fr 28-day cylinder strength of concrete 
c 
fIT strength of concrete in member 
c 
f steel stress 
s 
f compression steel stress 
sc 
f y 
ft 
Y 
k 
= 
7 
tension steel stress 
fst at ultimate capacity 
yield strength of tension steel 
yield strength of compression steel 
coefficient which relates depth to neutral axis with d 
coefficient which relates average concrete stress with 
pt 
P t 
= 
coefficient which locates centroid of concrete force 
coefficient which relates f" with f' 
c c 
tension steel ratio in beam = A Ibd = A tlbd 
s s 
compression steel ration beam = At/bd = A Ibd 
s sc 
total steel ratio (A t + A )/bt 
s sc 
t = overall depth of section 
E concrete strain 
c 
Em Ec for which ~ is maximum 
steel strain 
ultimate concrete strain 
yield strain of tension steel 
E' 
Y 
yield strain of compression steel 
strain in bottom fiber of section 
tension steel straln 
compression steel strain 
E4 = strain in extreme compression fiber of section 
~ curvature of section at any stage of loading 
~ ~ at ultimate capacity for any steel 
u 
= ~ for steel 2 
u 
CD for steel 7 
u 
fll 
c 
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2. STATEMENT OF PROBLEM 
2.1. Discussion of the Ultimate Strength Analysis in the ACI Code 
In the 1963 ACI Code, equations are presented for calculating 
the ultimate moment of reinforced concrete beams, in Chapter 16, and for 
calculating the ultimate axial load and ultimate moment of reinforced 
concrete columns, in Chapter 19. These equations are based on the 
assumptions given in Chapter 15 of the Code. 
For reinforced concrete beams provided with tension steel only, 
the equation for ultimate moment can be written in general form as: 
where 
M 
u 
M 
u 
A 
s 
f 
su 
d 
P 
b 
f 
cav 
pf 
A f d(l - k ~) 
s su 2 f 
cav 
ultimate moment capacity of the section 
area of tension steel 
stress :in tension steel at ultimate capacity of beam 
effective depth of the section 
tension steel ratio = A /bd 
s 
width of the section 
average stress in the compression zone of concrete 
at ultimate capacity of beam 
(2.1) 
k2 . coefficient which locates the centroid of the concrete 
force 
In the 1963 ACI Code, it is assumed that the steel has ideal 
elasto-plastic (flat-top) stress-strain characteristics and the steel 
ratio p is so limited as to insure that the tension steel yields at ultimate 
9 
capacity. Consequently, f is equal to the yield strength of the steel f . 
su Y 
Also, the average concrete stress f can be determined from any stress-
cav 
strain curve for concrete with ultimate concrete strain E equal to 0.003 
u 
which results in predictions of ultimate moment in reasonable agreement with 
comprehensive tests, or an equivalent rectangular stress block may be used 
with the average stress equal to 0.85 klf~ and k2 = ~/2. The value of the 
coefficient kl is specified in Section l503(g) of the Code and, for 
f' < 4000 psi, lc = 0.85. With the above assumptions, Eq. (2.1) can be 
c - -1-
rewritten as: 
where 
Mu = A f del - 0.59q) 
s y 
q = pf If' y c 
(2.2) 
Equation (2.2) is similar to Eq. (16-1) of the 1963 ACI Code. 
The coefficient 0.59 is a function of the distripution of concrete stress 
in the compression zone (stress block) and hence of the shape of the stress-
strain curve for co~crete up to a limiting ultimate concrete strain, which 
is 0.003 :~ ~~e ACI Code. 
=: 23~ easily be shown from strain compatibility and equilibrium 
of for2e;:: ::-.::; •. :~o:r an under-reinforced beam with an idealized flat-top 
steel, :r:e :e:-.3 :'8['. steel strain corresponding to E = 0.003 is always on 
u 
the flat-~:s:ea~. of the stress-strain curve and f is equal to f. It is 
su y 
also obvious that, allowing a greater value of E changes only the coefficient 
u 
0.59 which has little effect on the ultimate moment of the section. Therefore, 
tests of reinforced concrete beams (2) have shown that the Eq. (2.2) predicts 
M reasonably well if the stress-strain curve for steel has a flat plateau 
u 
and the value of p is such that the tension steel strain lies on it. 
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However, if the steel does not have a well defined yield point 
(i.e. a round-house stress-strain curve), or if it has a stress-strain 
curve with a short flat-plateau followed by strain-hardening, the tension 
steel strain corresponding to E = 0.003 can be in that region of the 
u 
stress-strain curve which gives steel stress f greater than f , and thus 
su y 
the ultimate moment will be greater than that given by E~. (2.2) above. 
Moreover, if a higher value of E is permitted, the steel strain will 
u 
increase considerably as compared to the case of E = 0.003, and considerably 
u 
higher steel stress will be obtained. At the same time, the value of k2 
will increase while that of ~ will decrease which, together with greater 
value of f will decrease the term in parenthesis in E~. (2.2), which gives 
su 
the lever arm of the internal forces. The reduction in the lever arm is 
generally small in proportion to the increase in f and hence greater 
su 
ultimate moment will still be obtained. 
If compression steel is also provided in the section, a different 
arrangement of forces will result. With E limited to 0.003, and for a 
u 
flat-top steel, the tension steel stress still equals f , and the tension y 
steel force remains the same as without compression steel. The total COill-
pression force, which is the sum of the forces in the compression steel 
and in the concrete, also remains equal to the tension force A f. The 
s y 
lever arm of the forces is only slightly affected by prcviding compression 
steel. Consequently, the ultimate moment is only slightly changed. With 
a higher limit on EU' the tension steel strain is increased. But, since 
the tension steel stress remains constant, the tension steel force and hence 
the total compression force remain constant. The concrete force is reduced 
because of the reduction in ~ at higher value of Eu but this is compensated 
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for by the increase in the compression steel force caused by the increase 
in the compression steel strain, since the compressio~ steel strain is 
generally in the elastic region. The ultimate moment is only slightly 
affected because of the slight change in the lever arm of the compression 
force. 
However, for a steel with a round-house stress-strain curve or 
with a stress-strain curve having a short flat-plateau followed by strain-
hardening, and with E = 0.003, the tension steel strain can be in that 
u 
region of the stress-strain curve which is above the conventional flat 
plateau, especially for small values of total steel ratio, so that greater 
tension steel stress is obtained. Since the compression steel can provide 
enough compression force to match the increased tension force, greater 
tension and compression forces are obtained, which result in a greater 
moment. Furthermore, with increase in E , the tension steel strain, stress 
u . 
and force are increased, and the compression fDrce in concrete is reduced, 
but the compression steel provides enough increase in compression force to 
compensate for ~he reduced concrete force as well as to match the increased 
tension steel force. Thus, the total tension and compression forces 
continue to increase with increase in the concrete strain in the extreme 
compression fiber E4' and hence the moment continues to increase. 
For a reinforced concrete section subjected to an axial load and 
a bending moment, the tension and compression steel strains at ultimate 
capacity depend on the value of the ultimate axial load P. For small values 
u 
of P below the balance point, the effects of the stress-strain curve of the 
u 
reinforcement are similar to those obtained for the case of pure moment. 
For high levels of ultimate axial load, with E = 0.003, the tension steel 
u 
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strains are in the elastic region while the compression steel strains may 
be on the flat-plateau for a flat-top steel or in that region of the round-
house stress-strain curve which lies below that of the co~ventional flat-
plateau. In the latter case, the compression steel stress is less than f y 
and a smaller moment is obtained than that for the flat-top steel. However, 
for a higher value of E , the compression steel stress, and hence the force, 
u 
remain constant for the flat-top steel but the reduction in the concrete 
force caused by the reduction in kl causes a reduction in the ultimate 
moment. Consequently, the limit of E = 0.003 is satisfactory for a flat-top 
u 
steel. This is also true for a steel with a short flat-plateau of the stress-
strain curve. But, for a round-house stress-strain curve, the increase in 
compression steel strain caused by the increase in the value of E4 results 
in greater compression steel stress and force which compensate for the 
reduction in the concrete force. Consequently, the moment increases with 
increase in E4. At high values of E4, the reductions in the concrete force 
and its lever arm cause so much reduction in the moment that the compression 
steel can not provide enough increase in its force and moment to compensate 
for this reduction. Thus, the moment decreases at high values of E4. The 
maximum moment may occur at E > 0.003 but is generally less than that 
u 
obtained by assuming a flat-top stress-strain curve and E 
u 
0.003· 
The above-mentioned effects of the stress-str?in curve of the 
reinforcement are illustrated below by analyzing a 15-in. square reinforced 
concrete section subjected to axial load and bending moment. The section 
has the following properties: 
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b 15 in. Ast 4.5 in. 
2 f 75 ksi y 
t 15 in. A 4.5 in. 2 f' 4.0 ksi 
sc c 
d 12 in. At 9·0 in. 
2 
Ptf If' ~ y c 
d t 3 in. Pt 0.04 0·75 
The following cases are considered. 
Case (1): In strict accordance with the 1963 ACI Code, i.e., 
flat-top steel 2 (Fig. 4.6), equivalent rectangular concrete stress block 
and E 
U 
0.003· 
Case (2): Flat-top steel 2, realistic stress-strain curve for 
concrete given in Fig. 4.11 and with E = 0.003. 
u 
Case (3): Realistic stress-strain curve for ASTM A615-68 Grade 75 
steel (steel 3, Fig. 4.6), and the stress-strain curve for concrete given in 
Fig. 4.11 with E = 0.003. The stress-strain curve for steel 3 meets the 
u 
requirements of the ACI Code for the design assumption that it has a flat-
top stress-strain curve with f = 75 ksi (see Section 4.1.3). y 
Case (4): Realistic stress-strain curve for steel 3 (Fig. 4.6) 
and for concrete (Fig. 4.11), but with a higher limit on E up to 0.010. 
u 
The basis for using this limit on E is given in Section 4.2.6. The ultimate 
u 
moment is determined from the moment-strain diagrams in accordance with the 
criteria explained in Section 3.3. 
For each of the above cases, two levels of ultimate axial load 
p = 100 and 800 kips will be considered, and strain compatibility and 
u 
equilibrium of forces will be used to calculate the ultimate moment. 
Table 2.1 shows the results of the analyses for Pu = 100 kips and 
800 kips. It can be seen from this table that, for the section analyzed 
here: 
(1) 
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The compression steel does not yield when E is limited to 
u 
0.003. Consequently, the equations given in Chapter 19 of the ACI Code are 
not directly applicable but require modification based on the compatibility 
of strains. 
(2) With E limited to 0.003, and with flat-top steel, the 
u 
ultimate moment at a lOv;oeY' level of ultimate axial load (p = 100 kips) is 
u 
little affected by the assumption of rectangular stress block for concrete 
(Case 1) instead of the realistic concrete stress-strain curve (Case 2), but 
at higher level of ultimate axial load (p = 800 kips), this assumption 
u 
results in an ultimate moment which is 7 percent greater than that calculated 
by using the realistic stress-strain curve for concrete. 
(3) If the realistic stress-strain curves are used for both 
steel and concrete and if E is limited to 0.003 (Case 3), the resulting 
u 
ultimate moment is smaller than that calculated with a flat-top stress-
strain curve for steel and the rectangular stress block for concrete (Case 1), 
by 4 percent at P = 100 kips, and by 15 percent at P = 800 kips. The 
u u 
greater difference at the higher load level occurs because of the higher 
values of the concrete and compression steel forces for Case 1. The greater 
value of kl for Case 1 results in greater concrete force, and that portion 
of the stress-strain curve for steel 3 which lies below that of flat-top 
steel curve gives smaller compression steel force for Case 3. 
(4) If the realistic stress-strain curve for concrete is used 
for both steels 2 (Case 2) and 3 (Case 3), and if E is limited to 0.003, 
u 
a reduction of 3 percent in the ultimate moment is obtained for steel 3 at 
P = 100 kips and 10 percent at P = 800 kips. 
u u 
(5) At p = 100 kips, greater ultimate moment is calculated by 
u 
allowing a higher limit on EU with the realistic stress-strain curves for 
15 
steel and concrete (Case 4) than for any of the other cases. Table 2.1 
shows that the ultimate moment for Case 4 is greater than that for Case 3 
by 28 percent. This shows that the effect of strain-hardening of steel 3 
is increased by allowing a higher limit on E . 
U 
(6) At p = 800 kips,> even if a higher value on E is permitted, 
u u 
the use of realistic stress-strain curves for steel and concrete (Case 4), 
results in a smaller ultimate moment than for Case 1 (ACI Code), by 5 percent. 
But, when the realistic stress-strain curves are used for both steel 3 and 
concrete, the higher limit on E gives a 12 percent greater moment than 
u 
when Eu is limited to 0.003. 
It is clear from the above discussion that the assumptions made 
in the ACI Code result in considerable error in the ultimate capacity of 
the section reinforced with high-strength steels of the types considered. 
Therefore, some other method of analysis based on more realistic assumptions 
for the properties of steel and concrete is required in order to make 
effective use of high-strength steels. 
2.2. Previous Work 
Hognestad (3) pres~nted a thorough study of tests of reinforced 
concrete columns and proposed a method of analysis which gave good agree-
ment between the analytical and experimental results. His method is based 
on the use of realistic stress-strain curves for concrete and steel with 
certain assumptions which were valid for the type of steel used in the 
column tests. 
The reinforcing bars were made of structural and intermediate 
grade steels having a stress-strain curve with a long flat-plateau. 
Hognestad proposed the stress-strain curve for concrete as shown in Fig. 4.8, 
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with the ultimate concrete strain E limited to 0.0038. This curve agrees 
u 
reasonably well with the stress-strain curves obtained from tests, as shown 
in Fig. 4.7. Since, with the type of steel used in the columns, steel 
stress seldom reaches the strain-hardening region except in the case of 
pure bending, no effect of the higher limit on ultimate concrete strain 
is obtained and thus the limit proposed by Hognestad is justified. However, 
for high-strength steel, the yield point may not be well-defined, p~rticularly 
for ASTM Grade 75 steel, and the tension steel strains at ultimate axial 
load levels below the balance point are well into the strain-hardening 
region with resulting steel stresses greater than f , and ultimate moments y 
greater than would be calculated if the steel stress is assumed equal to f , 
Y 
as was done by Hognestad. Also, greater ultimate moments are calculated if 
a higher limit on E is allowed, as was illustrated in Section 2.1. At 
u 
ultimate axial load levels above the balance point, Hognestad assumed that 
the compression steel yields; but, for high-strength steels, this may not 
be true unless a higher limit on E is permitted. Consequently, Hognestad's 
u 
method is not sat~sfactory for reinforced concrete sections with high-strength 
steels, the stress-strain curves of which do not have a long flat plateau. 
Sahlin (4) has proposed a method of analysis of reinforced 
concrete beams based on obtaining moment-concrete strain (M - E4) diagrams 
for the section and taking the maximum moment as the ultimate moment. He 
has idealized the stress strain curve for the reinforcement as consisting 
of three straight lines, one representing the elastic region, another the 
flat plateau, and the third the strain-hardening region. He has proposed 
an exponential form of equation for the stress-strain curve for concrete, 
the falling branch of which is too steep. No limit on E was proposed. 
u 
The idealization of the stress-strain curve of the steel is not satisfactory 
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for high-strength steels, p~rticularly for those steels which have a round-
house stress-strain curve. Also, no procedure for obtaining load-moment 
and load-curvature diagrams was presented. Nylander and Sahlin (5) tested 
continuous reinforced concrete beams and simply-supported short control 
beams under two-point loads and compared the experimental results with the 
analytical results obtained from Sahlin!s (4) method. The measured moments 
and concrete strains show that the concrete curve proposed by Sahlin under-
estimates the moments at higher values of ' concrete strain in the extreme 
compression fiber. 
Pfrang et ala (6) have presented a method of analysis for obtaining 
load-moment and load-curvature diagrams for reinforced concrete sections. 
They have assumed a flat-top stress-strain curve for steel and Hognestad!s 
curve for concrete with E limited to 0.0038. Strain comp~tibility and 
u 
equilibrium of forces are used to obtain a set of values of ultimate moment 
M , ultimate axial load P and ultimate curvature ~. The depth to the 
u u u 
neutral axis kd is varied to obtain several sets of P ,M and ~ , one such 
u u u 
set for each value of kd. Pfrang has shown that allowing a higher limit on 
EU does not affect the ultimate capacity of the section if the flat-top 
stress-strain curve is assumed for the reinforcement. But, this is not true 
for high-strength steels having a round-house stress-strain curve or a short 
flat plateau followed by strain-hardening, particularly at small values of 
ultimate axial load when the calculated moment increases with increase in 
the concrete strain in the extreme compression fiber. Consequently, this 
method of analysis is also not satisfactory for the reinforced concrete 
sections with high-strength steels. 
Todeschini et a~ (7) have reported a limited number of tests of 
reinforced concrete columns provided with high strength steels having 
18 
round-house stress-strain curve, and presented a method of analysis to 
check their test results. They have used a realistic stress-strain curve 
for concrete, but idealized the stress-strain curve of steel as consisting 
of two straight lines, one representing the elastic region with slope e~ual 
to the modulus of elasticity of steel E , and the other representing a 
s 
strain-hardening region with a slope e~ual to KE , where K is a constant. 
s 
Their analytical results agreed well with the experimental results. However, 
since their tests were made at levels of ultimate axial load which were at 
or above the balance point, the steel strain did not reach far into the 
strain-hardening region and the assumption of the second straight-line 
portion of the stress-strain curve proved satisfactory. Also, since the 
ultimate axial load levels were quite high, the calculated ultimate concrete 
strains were quite low. The tests were conducted at three values of 
eccentricities 0, I and 5 in. Thus, the whole range of the interaction 
diagram was not studied. 
Green (8) tested long reinforced concrete columns with intermediate 
grade steel unde~ sustained load and proposed a method of analysis based on 
a flat-top stress-strain curve for steel and Hognestad's curve for concrete 
modified to consider creep effects. Moment-curvature relationship was 
obtained at the applied axial load considering various values of time for 
sustained load, and the maximum moment was taken as the ultimate moment. 
Because of the assumption of the flat-top stress-strain curve for steel, 
Green's method of analysis is not satisfactory for the sections reinforced 
with high-strength steels, having round-house stress-strain curve or a 
short flat-plateau followed by strain-hardening. 
Evans (9,10) tested axially and eccentrically loaded reinforced 
concrete columns provided with s~uare twisted (British) high-strength steel 
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having yield strength f greater than 60 ksi. Concrete strength, total y 
steel ratio, and eccentricity of applied load were varied over wide ranges. 
No analysis based on realistic stress-strain curves for steel and concrete 
was presented. 
2.3. Statement of Problem 
The discussion of the ultimate strength analysis of the ACI Code 
given in Section 2.1, and of the various existing methods of analysis given 
in Section 2.2, shows that rational analyses based on realistic representa-
tions of the properties of the materials in the form of stress-strain 
curves for the reinforcement and concrete are needed in order to understand 
more clearly the behavior of real reinforced concrete members. 
There are various types of steel available in the U.S. and abroad 
which have different stress-strain characteristics, particularly in the 
strain-hardening region. Use of mechanical splices makes the stress-strain 
relationship for reinforcement further involved. Any single idealization 
of these curves i~ the form of straight lines or equations will result in 
errors in the calculation of steel stresses. Furthermore, the stress-strain 
relationship for concrete, particularly in the falling branch of the stress-
strain curve, is quite important for section with high-strength steel having 
a round-house stress-strain curve or a short flat-plateau followed by strain-
hardening. This stress-strain relationship for concrete is further modified 
by creep and shrinkage effects which further increase the concrete strains 
that can be attained. Consequently, it is desirable to consider realistic 
stress-strain curves for reinforcement and concrete. 
In order to be able to consider any shape of stress-strain curve 
for steel and concrete in the analysis, a numerical method of analysis is 
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preferable) since it avoids the limitations imposed by attempts to express 
the stress-strain characteristics by mathematical equations. The method of 
analysis explained in Chapter 3 serves this purpose. It can be used to 
study the effects of any shape of the stress-strain curve of the reinforce-
ment on the strength and behavior of reinforced concrete sections. 
There are several other factors which modify the effects of the 
stress-strain curve for steel such as: (1) the eccentricity or the value 
of the applied axial load P. Different values of P give steel strains 
u u 
which lie in different regions of the stress-strain curve for steel) and 
hence different effects of the stress-strain curve for reinforcement are 
obtained. Therefore) a complete interaction diagram of ultimate axial load 
and ultimate moment must be studied. (2) Different values of total steel 
ratio Pt = (A t + A )/bt) cylinder strength of concrete f') yield strength 
s sc c 
of steel fy) and combinations of these variables in the form of qt = Ptfy/f~ 
change the tension and compression steel strains and hence modify the effects 
of the stress-strain curve for steel. Therefore) wide ranges of these 
variables must be investigated. (3) The variation of the ratio d'/t also 
changes the strains and hence results in different effects of the stress-
strain curve of steel. 
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3. METHOD OF ANALYSIS 
3.1. Introduction 
The analysis of reinforced concrete sections subjected to a 
combination of axial load and bending moment usually requires a trial-and-
error procedure to obtain the equilibrium of internal and external forces 
as well as moments. The equilibrium of internal and external forces requires 
that the strain distribution through the depth of the section m~st be such 
that the algebraic sum of the compression force in the concrete P , the 
c 
force in the compression steel P
sc
' and the force in the tension steel Pst 
must be equal to the applied ultimate axial load P. This is shown in 
u 
Fig. 3.1. The sum of the moments of the internal forces P ,P and Pst 
c sc 
about the plastic centroid of the section is the resisting moment of the 
section at the applied ultimate axial losd. 
The equilibrium of forces mentioned above depends upon the value 
of E4' the strain in the extreme compression fiber. Given the section 
properties, a~j :he stress-strain curves for steel and concrete, it is 
possible tc; 
corresponii:--. ..::: :.:: 
equilibrium of forces with different values of E4 , each 
~ iifferent set of internal forces P , P t and P with 
c s sc 
differen~ st~~.~ :~~figurations but with the same total force P. However, 
u 
each set of i~. :.er~.sl forces will give a different total mom.ent M. This 
means that for different values of E4 different moment values are obtained 
although the sum of the internal forces equals the applied external ultimate 
load P
u
· One particular value of E4 = Eu will give M = M
u
' the ultimate 
moment capacity of the section. Therefore, for a given value of axial load, 
a relationship can be obtained between M and E4 , and the ultimate moment 
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capacity M , the ultimate concrete strain E , and the ultimate curvature ~ , 
u u u 
can be obtained from this relationship. How the ultimate moment is selected 
from the M - E4 relationship, is explained in Section 3.3. 
3.2. Assumptions 
The following assumptions are made in the analysis of a reinforced 
concrete section subjected to various combinations of axial load and bending 
moment. 
(1) A realistic representation of the stress-strain curve is 
assumed for the compressed concrete. The maximum ordinate of this stress-
strain diagram f" 
c 
at the strain EO' is taken equal to k3f~, where k3 is 
a constant whose value is chosen so as to relate realistically the strength 
of concrete in the member with f!, the strength of the same concrete as 
c 
determined from cylinder tests. 
(2) The stress-strain curve for the reinforcing bars in tension 
and compression is assumed so as to represent as closely as possible the 
actual stress-strain relationship for the steel used. The steel may be 
assumed to have different stress-strain relationships in tension and in 
compression. 
(3) The reinforcement is assumed to be provided only in two 
faces parallel to the axis of bending, and only one layer of reinforcement 
is provided in each face. Different amounts of steel may be provided in 
each face. 
(4) The strains in the loaded section are assumed to vary 
linearly over the depth of the section at all stages of loading including 
ultimate. The strain in the reinforcing bars is assumed to be the same as 
that in the concrete at the level of the reinforcing bars. 
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The useful limit of ultimate concrete strain E is assumed 
u 
to be 0.010 as discussed in Section 4.2.6. 
(6) The tensile strength of concrete is neglected. 
(7) The member is assumed to be short so that the effect of 
length of the member is neglected. 
3.3. Ultimate Capacity 
The ultimate capacity of a reinf'orced concrete section subjected 
to various combinations of axial load and bending moment has been studied 
for the following cases: 
(a) Short~time loading: The section is loaded continuously up 
to failure in a short time so that the effects of creep and shrinkage are 
neglected. In this case, the short-time stress-strain curve of the concrete, 
as explained in Section 4.2.5, is used in the analysis. 
(b) Slow loading: The section is loaded continuously up to 
failure so slowly that the creep and shrinkage of concrete take place 
continuously while the section is being loaded. In this case, the short-
time stress-strain curve of concrete is modified so that the effect of creep 
and shrinkage is taken into account. Because of the continuous loading of 
the section, a continuous stress-strain curve, as explained in Section 9.2.1 
and shown in Fig. 9.1, is used for analyzing the section. 
(c) Combination of sustained and short-time loadings: The section 
is loaded continuously up to any given value of axial load P and bending 
moment M in a short time. These values of P and M are sustained for any 
desired period of time. The section is furtner loaded continuously up to 
failure in a short time. How the stress-strain relationship for concrete 
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is obtained for this case of loading, is explained in Section 9.3.1 and 
shown in Fig. 9.13-
The method of obtaining moment-strain diagrams for various 
values of ultimate axial load for the above cases is explained in 
Section 3.4. The ultimate moment which represents the failure of a section 
is obtained on the basis of the following criteria. 
Criterion 1: The ultimate moment is the maximum moment obtained 
from the moment-strain diagram. 
Criterion 2: If the maximum moment obtained from the moment-
strain diagram occurs at the strain in the extreme compression fiber E4 
greater than the ~seful limit of ultimate concrete strain (0.010), as 
explained in Section 4.2.6, then the moment at E4 = 0.010 is the ultimate 
moment. 
Criterion 3: If the moment at which buckling of compression bars 
occurs is less than the ultimate moment determined from the criteria 1 and 
2 above, then the ultimate moment at which buckling of compression bars 
occurs is the ul~imate moment. 
BucY2i~g of the compression bars occurs as follows: 
(a) ~~e~ a reinforced concrete section is subjected to an axial 
load and/or a te~ii~g moment, the compression bars resist an axial compression 
force which i:-. £er~eral will cause the bars to buckle at some stage of loading. 
At lower values of ~he load, the concrete surrounding the bars is still 
intact and prevents them from buckling. At higher values of load and concrete 
strain in the extreme fiber E4' the concrete cover begins to spall off. At 
this stage, however, the curvature of the member prevents the bars from 
buckling outwards, that is towards the center of curvature, and the bars 
can not buckle away from the center of curvature because of the presence of 
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intact concrete behind them. Therefore; the bars tend to buckle sideways, 
as shown in Fig. 3.2. But, such buckling will not occur until the concrete 
at the level of the compression bars is so cracked or crushed that it offers 
little or no resistance to the movement of the bars sideways. In view of 
the tests reported by Barnard (11), it has been assumed that this occurs 
when the strain in the concrete at the level of the compression bars is 
e~ual to 0.005. However, when the specimen is loaded continuously and 
slowly as explained in Section 9.2.1, the strain Eo correspondingly to the 
maximum stress fTl may be greater than 0.005. In this case, concrete will 
c 
resist the buckling of compression bars up to a strain e~ual to at least E . 
o 
Since, no evidence is available for assuming a reasonable limit of concrete 
strain at the level of compression steel before buckling of the compression 
bars occurs, a conservative limit of E or 0.005, whichever is greater, is 
o 
assumed in the analyses in Section 9.2. 
(b) The critical stress in the compression bars at which buckling 
occurs is calculated by the tangent modulus theory: 
where tangent modulus of the compression steel 
£ unsupported length of the bar between ties 
r radius of the compression bars. 
According to this formula, if the stress-strain curve of the compression 
steel has a flat-plateau, the bars should buckle when the strain or stress 
in the bars reaches the value at yielding. But, Yamashiro (12) found from 
his tests that, even the #4 bars in compression and 6-in. spacing of ties, 
£/r = 24, the compression bars buckled well into the strain-hardening region 
at a strain greater than 0.03. The stress-strain curve of the bars in 
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Yamashiro's tests had a flat plateau up to a strain of about 0.018. The 
compression bars did not buckle while on the flat plateau, because the 
concrete at the level of the compression bars was still sufficiently intact 
to restrain the bars from buckling. Moreover, even if the compression bars 
begin to buckle while on the flat plateau, the additional strain in the 
compression bars resulting from the local bending of the bar reaches the 
strain-hardening region, and the bars again begin to offer resistance to 
buckling. Therefore, when using the above formula, it is assumed that 
buckling of the compression bars occurs in the strain-hardening region and 
the corresponding value of Et is used for calculating f . cr 
(c) If the strain in the compression bars corresponding to f 
cr 
is less than the limiting strain at the level of compression bars, as 
explained in (a) above for buckling of compression bars, it is assumed 
that buckling occurs at this limiting value of strain. 
3.4. Interaction Diagram 
In this method of analysiS, complete interaction diagrams are 
obtained to give the load-moment and load-curvature relationships at ultimate 
capacity of the section for all values of axial load from zero (pure moment) . 
to the axial load for zero eccentricity. The method consists of obtaining 
the relationship between the moment M and the concrete strain in the extreme 
compression fiber E4 at a given value of ultimate axial load Pu' Several 
values of E4 are used and the value of M calculated for each value of E4 to 
obtain moment - concrete strain (M - E4) diagram. The ultimate moment M is 
u 
obtained from the M - E4 diagrams in accordance with the criteria explained 
in Section 3.3. The ultimate concrete strain E and ultimate curvature ~ 
u u 
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are obtained from the strain distributions corresponding to the ultimate 
moment. The above procedure for obtaining the M - E4 relationship is 
repeated for various values of ultimate axial load to obtain ultimate load-
moment and ultimate load-curvature diagrams. The steps involved in the 
analysis are explained below: 
(1) Locate the plastic centroid of the section in accordance 
with Section 1900(b) of the 1963 ACI Code. The distance of the plastic 
centroid of the section from the tension steel is given by 
d pc 
Aff' (d - d') + k f1bt(d - t/2) 
s y 3 c 
A 'f' + A f + JL.f I bt 
s Y s Y ) c 
Choose a given value of ultimate axial load Pu ' 
Choose a suitable value of the strain in extreme compression 
fiber E4 . 
(4) Assume a value of curvature ~. 
(5) Calculate the depth to the neutral axis kd = E4/¢. 
(6) Calculate the strain in the compression steel E3 = E4 - ¢d' . 
(7) Corresponding to E3' obtain the stress in the compression 
(8) 
steel f from the stress-strain relationship for the 
sc 
compression steel. 
Calculate the force in the compression steel P = A f 
sc sc sc 
(9) Calculate the strain in the tension steel E2 = E4 - ¢d. 
(10)- Corresponding to E2, obtain the stress in the tension steel 
fst from the stress-strain relationship for the tension steel. 
(11) Calculate the force in the tension steel Pst = Astfst" 
(12) 
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Calculate the area A under the stress-strain curve of 
c 
concrete between the strains E5 and E4; where E5 = 0, if 
kd ~ t and E5 = El = E4 - ¢t if kd > t. 
(13) Calculate the compression force in the concrete 
I: I; P cc = Acb kd/ (E4 - E5)· 
(14) Calculate the stress f in the concrete at the level of 
cc 
the compression steel; i.e. corresponding to the strain E3 
in the compression steel. 
(15) If the tension steel is in compression, calculate the 
concrete stress fct at the level of the tension steel 
corresponding to the strain E2 . If the tension steel is 
in tenSion, f = ct 0. 
(16) Calculate the net force in the concrete P , after making c 
allowance for the reduction of concrete area due to the 
presence of steel 
(17) S~ the forces in the steel and concrete to get the total 
(18) Compare the total force Pt with the given ultimate axial 
load P. If P 
u u 
Pt ~ the allowable error, then equilibrium 
of forces is obtained with the curvature W assumed in 
Step (4). If P 1= Pt + the allowable error, assume a new u -
curvature Wand repeat Steps (5) through (18) until 
equilibrium of forces is obtained. 
(19) Calculate the total moment M of the tension steel force Pst' 
the compression steel force P and the concrete force P 
sc c 
about the plastic centroid of the section. 
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Thus, for a given va.lue of the ultimate axial load P , 
u 
the moment M, and curvature ¢ are obtained for one value 
of E4 chosen in Step (3). 
(20) Assume a new value of E4 and repeat Steps (4) through (19) 
to obtain a new set of values of M, ¢ and E4 for the 
ultimate axial load P , chosen in Step (2). In this way 
u 
any desired number of sets of the values of M, ¢, E4 can 
be calculated for one value of P and illument-curvature 
u 
(M - ¢) and moment-concrete strain (M - E4) relationships 
can be obtained. 
(21) Obtain the ultimate moment from the M - E4 diagram in 
(22) 
accordance with the criteria explained in Section 3.3. The 
values of E4 and ¢ corresponding to the ultimate moment will 
be the ultimate concrete strain EU and the ultimate curvature 
¢ , respectively. 
u 
Choose a new value of P and repeat Steps (3) through (20) 
u 
to get new M - ¢ and M - E4 relationships and a new set of 
values of M , E and ¢ for the new value of P. In this 
u u u u 
way a desired number of sets of the values of Pu ' Mu ' ¢u 
and EU can be obtained and interaction diagrams of ~ vs. Mu 
and P
u 
vs. ¢u can be plotted. 
3.5. Computer Program 
The method of analysis explained in the previous section consists 
of a trial-and-error procedure for obtaining the equilibrium of forces. 
Several trials are necessary to achieve the desired degree of accuracy in 
Step (18). The number of arithmetic calculations involved in Steps (5) 
30 
through (18) for one trial is quite large. Furthermore, the arithmetic 
calculations must be repeated for several values of E4 and one value of P
u
' 
as in step (20), and further repetitions of the entire procedure are required 
for several values of P , as in step (22). Consequently, the analysis to 
u 
obtain the interaction diagram for one reinforced concrete section requires 
a very large number of numerical calculations. Therefore, a computer 
program was prepared for use with an IBM 7094 computer. This program was 
latter modified for use with an IBM 360-75 computer. 
The method of analysis is based on the assumptions for the 
realistic representation of the properties of the materials. Therefore, 
actual shapes of the stress-strain curves of reinforcing bars and concrete 
are to be used in the analysis. 
The stress-strain curves for steel vary considerably depending 
upon the type of steel, especially in the strain-hardening region. Also, 
the shape of the falling branch of the stress-strain curve of concrete is 
very important for the purpose of investigating the effect of the stress-
strain curve for the steel. Furthermore, many different stress-strain 
curves for concrete have been proposed by various authors. It was not 
considered practicable or desirable to attempt to develop mathematical 
equations for all of these different shapes of stress-strain curves. 
Therefore, in order to be able to consider various shapes of stress-strain 
curve for both steel and concrete, these curves were represented in the 
computer analysis by a large number of discrete points. As per Steps (7), 
(10), (14) and (15) of the method of analysis in Section 3.4, the computer 
calculates the stress in the steel and concrete corresponding to any strain 
by linear interpolation. Similarly, for Step (12), the computer calculates 
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the area under the stress-strain curve of concrete between two values of 
strain by numerical integration. 
The block diagram of Fig. 3.3 shows the working of the computer 
program and the use of various subroutines to perform the numerical 
calculations. 
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4. REALISTIC REPRESENTATION OF THE PROPERTIES OF MATERIALS 
4.1. Reinforcement 
4.1.1. TYpes and Stress-Strain Curves of Available Steels 
High-strength reinforcing bars are available in the U.S. in two 
grades as per ASTM specifications A 615-68. These are Grades 60 and 75 
having yield strengths of 60 and 75 ksi, respectively. Figure 4.1 shows 
stress-strain curves determined from tests on various sizes of reinforcing 
bars which satisfy the ASTM specifications for Grade 60 bars. It can be 
seen that all of the bars have a well-defined yield point, but a varying 
length of flat plateau of the stress-strain curve. Also, all the stress-
strain curves have approximately the same shape in the strain-hardening 
region. These stress-strain curves show that, for a given yield strength, 
the early strain-hardening steel which has the smallest flat-plateau will 
give the highest stress for a given strain in the strain-hardening region. 
Figure 4.2 shows stress-strain curves determined from tests on 
various sizes of ASTM Grade 75 bars. Most of these bars do not have a . 
well-defined yield point, and the shapes of the stress-strain curves vary 
considerably in the strain-hardening region. 
High-strength steels of various grades are available in the 
United Kingdom and in several countries in Europe. The square-twisted 
reinforcing bars available in the U.K. have a round-house stress-strain 
curve as shown by curves 1, 2 and 3, in Fig. 4.3. According to the ASTM 
I 
specifications, these bars are equivalent to Grade 60 steel. In Sweden, 
high-strength steels are designated as ~ 40, KAM 60 and KAM 90, having 
yield points of 40, 60 and 90 kg/sq cm, respectively. These bars also have 
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a round-house stress-strain curve. The Austrian-German steels are also 
available in three grades: TOR 40, TOR 60 and TOR SO. These steels do 
not bave a well-defined yield point. Danish steels called TENTOR have 
yield strength of at least 71,000 psi, and have a round-house stress-strain 
curve as shown by curve 5 in Fig. 4.3. The yield strength of European 
steels is defined as the proof stress at 0.2 percent offset strain. 
4.1.2. ASTM and ACI Code Specifications 
The physical requirements for high-strength deformed reinforcing 
bars satisfying ASTM A 615-6S are as follows: 
Type of Steel and Size Grade Yield Ultimate ASTM Specifications Strength Strength 
Billet Steel 3-11 60 60,000 psi 90,000 psi 
A615 14,lS 
11,14,lS 75 75,000 psi 100,000 psi 
The yi~ld strength is defined as the stress corresponding to a 
strai::-'. c:~ C.OJ~, for Grade 60 steel, and of 0.006 for Grade 75 steel. The 
specific:. :::"::::-.'::: :10 not specify the stress-strain relationship below and 
above :.h·_ ::::'f::l.:' point. 
2e::ior:. 301 of the 1963 ACI Code specifies that the yield strength 
or yield pci~: be determined in accordance with the applicable ASTM 
specifications. 
"(a) 
In addition, Section 1505 of the Code reads as follows: 
When reinforcement is used that has a yield strength, f , 
Y 
in excess of 60,000 psi, the yield strength to be used in design shall be 
reduced to 0.S5 f or 60,000 psi, whichever is greater, unless it is shown y 
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by tension tests that at a proof stress e~ual to the specified yield 
strength, f , the strain does not exceed 0.003. y 
fI(b) Design shall not be based on a yield strength, f , in y 
excess of 75,000 psi. Design of tension reinforcement shall not be based 
on a yield strength, f , in excess of 60,000 psi unless tests are made in y 
compliance with Section 1508(b). n 
It is clear from the above that the yield strength of a Grade 60 
steel is defined by the ACI Code as that specified by the ASTM. However, 
the ACI Code and the ASTM specifications differ in the definition of the 
yield strength for Grade 75 steel. If the stress-strain curve of a re-
inforcing bar gives a stress of 88.2 ksi at a strain of 0.006, then that 
bar will be assumed to have f = 0.85 x 88.2 = 75 ksi, according to the y 
1963 ACI Code. Furthermore, Section 1503 of the 1963 ACI Code provides 
that, for the purpose of ultimate strength analysis, the stress-strain 
relationship of the bar be taken as elasto-plastic as shown in Fig. 4.4. 
From the above-mentioned specifications, it can be concluded that, whatever 
the actual stress-strain curve of the reinforcing bars, the stress-strain 
relationship shown in Fig. 4.4 can be assumed for ultimate strength 
analysis if: 
(1) The steel stress corresponding to a strain of 0.005 is at 
least 60,000 psi for Grade 60 steel, and 
(2) The steel stress corresponding to the strain of 0.006 is at 
least 88,200 psi for Grade 75 steel. 
In view of the above, the stress-strain curves shown in Fig. 4.5 
for steels 5, 6, 7 and 8 satisfy both the ASTM specifications and the ACI 
Code re~uirements for Grade 60 steel and, for the purpose of ultimate strength 
analysis, the stress-strain curve 7 is to be used. The stress-strain curves 
for steels 1, 2, and 3 shown in Fig. 4.6 satisfy the ACI Code requirements, 
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while all the steels 1, 2, 3, and 4 satisfy the ASTM specifications; but, 
for the purpose of ultimate strength analysis, stress-strain curve 2 is 
to be used only for steels 1 and 3, and a similar flat-top stress-strain 
curve with f y 0.85 x 75 = 63.75 ksi is to be used for steel 4. 
4.1.3. Stress-Strain Curves of Steel Selected for Analyses 
The stress-strain curves obtained from tests of Grade 60 rein-
forcing bars have been shown in Fig. 4.1. These bars have different yield 
strengths as well as different lengths of flat plateau. If these stress-
strain curves are replotted with ordinates represented as the ratios of 
steel stress to yield strength, and abscissas as the ratios of steel strain 
to yield strain it will be found that all of the curves shown in Fig. 4.1 
will be included between two nearly parallel curves. Such bounding stress-
strain curves are shown in Fig. 4.5 as curves 5 and 6. Therefore, . for the 
purpose of investigating the effects of the stress-strain curves of Grade 60 
reinforcing bars, the analyses have been made with the four stress-strain 
curves shown in Fig. 4.5. These curves are identified in the figure to 
represent steels '5, 6, 7, and 8. The stress-strain curve for steel 7 is 
the basic curve used for analysis and design in accordance with the pro-
visions of the 1963 ACI Code. Curves 5 and 6 have been chosen to represent 
the extreme cases for Grade 60 steel. Curve 8 was so chosen as to satisfy 
the ASTM specifications but not have a well-defined yield point; thus it 
represents the square-twisted British steels described in Section 4.1. 
Therefore, the comparisons of the analyses made with these stress-strain 
curves will show the effects of the ACI Code assumptions for the stress-
strain relationship for reinforcement with regard to essentially all possible 
stress-strain curves for Grade 60 steels. 
Figure 4.6 shows the stress-strain curves that were selected for 
analyses of reinforced concrete sections with Grade 75 steel. As explained 
in Section 4.2, curves 1, 2, 3 and 4 all meet the ASTM A615-68 specifications 
for Grade 75 steel. Comparison of these curves with those obtained from 
tests, and given in Fig. 4.2, shows that,for those steels which have a 
yield strength in the neighborhood of 75 ksi, stress-strain curves 1 and 4 
are the extremes which bound the test curves of Fig. 4.2, except those 
ha.-:ving, very high yield strength. Any stress-strain curve that lies below 
curve 3 does not satisfy the provisions of the 1963 ACI Code. Therefore, 
curve 3 was chosen to represent the lower limit of the ACI Code requirements. 
Like stress-strain curve 7 for Grade 60 steel, curve 2 represents the assump-
tions of the ACI Code for the stress-strain relationship of reinforcing bars 
for the purpose of ultimate strength analysis of reinforced concrete 
sections with Grade 75 steel, that is, instead of curves 1 and 3, which are 
more typical of steels meeting the yield strength requirements of the ACI 
Code, curve 2 is assumed for analysis in accordance with Chapter 15 of the 
Code. Comparisons of the results of analyses using stress-strain curves 1 
and 3 with those obtained for steel 2 will show the effect of the assumptions 
of the ACI Code. Similarly, comparisons of the results of analyses using 
steels 2 and 4 ~:ll show the differences that could be obtained if steels 
that meet the ~~uirements of ASTM specifications (but not those of the 
ACI Code) are used, in comparison with those that have an elasto-plastic 
stress-strain relationship, as assumed in the ACI Code. 
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4.2. Concrete 
4.2.1. Concrete Stress-Strain Curves Obtained from Tests by Various Authors 
Figure 4.7 shows stress-strain curves for concrete obtained in 
various laboratories. The three curves shown by full lines were obtained 
by the U. S. Bureau of Reclamation (13) from tests on 3x6-in. concrete 
cylinders and represent concrete of three different strengths and ages. 
The curves shown by small broken lines were obtained by RUsch (14). His 
specimen was a prism 4 x 6 in. in cross-section with thickened ends 6 in. 
s~uare. This curve represents tests at a constant strain rate of 0.001 per 
hour. The gage length in the tests was 12 in. The stress-strain curves with 
long broken lines were obtained by Barnard (11) from tests on necked 
specimens of 2.52-in. diameter in the neck and 4.5 in. at the ends. He used 
a gage length of 4 in. It can be seen in Fig. 4.7 that all of the stress-
strain curves have approximately the same shape--more or less parabolic--up 
to the maximum stress at a strain EO which varies from 0.0015 to 0.0025. 
The stress-strain curves obtained by the U. S. Bureau of Reclamation and 
by Barnard have s.imilar shapes in the falling branch beyond EO' but that 
obtained by Rusch falls off rapidly. Perhaps this difference is due to the 
use of a long gage length of· 12 in. by Rusch, while Barnard used a much 
shorter gage length of 4 in. The height of RUschts specimen in the reduced 
cross-section was about the same as the gage length whereas that of 
Barnardts specimen was almost twice the gage length. The ratio of gage 
length to the least lateral dimension in RUschts tests was 3 but that in 
Barnardts tests was 1.56. The gage length used in the Bureau of Reclamation 
tests is not known but can not be more than 6 in.--the height of the speci-
men. Since the crushing or failure of a specimen is confined to a small 
portion of the length of the specimen, and considerably larger strains are 
developed in this region than at other portions of the specimen, longer 
gage lengths in relation to the dimensions of the specimen will measure 
average strains but not the maximum strains that can be measured over a 
smaller gage length if the failure occurs within the gage length. Because 
the stress is the same for both gage lengths, stress-strain relationship 
obtained with shorter gage length will give a flatter falling branch of the 
stress-strain curve than will a longer gage length. In reinforced concrete 
members, failure occurs in the region of maximum strains, and the strain-
distribution over the depth in the failure region governs the strength 
of the member. Conse~uently, it is assumed that the concrete stress-strain 
curve having the shape of the falling branch similar to that obtained by 
Barnard (11) is more representative of the behavior of reinforced concrete 
members. 
4.2.2. Concrete stress-Strain Curves Proposed by Various Authors 
Figure 4.8 shows stress-strain curves proposed for concrete by 
various authors. The plotted curves have been obtained from e~uations 
giving the stress-strain relationship for concrete having a cylinder strength 
of 4000 psi. These e~uations and the corresponding curves are explained 
below: 
(1) Hognestad (3) 
Based on the results of his tests on eccentrically loaded 
reinforced concrete columns, Hognestad proposed the following e~uation for 
the stress-strain relationship of concrete. 
(a) For 0 < E ~ EO 
where f 
c 
E 
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concrete stress 
concrete strain corresponding to f 
c 
f!l = maximum concrete stress or strength of the 
c 
concrete in the member 
the strain corresponding to fTl. 
C 
Hognestad proposed also that EO = 2f ll /E 
c c 
where E 
c 
initial modulus of elasticity of concrete. 
1,800,000 + 460f!l 
c 
so that f = E [1 - E /(4fTl)} 
C C C C 
The ultimate concrete strain E recommended by Hognestad is 
u 
e~ual to 0.0038. His reinforced concrete columns contained mild steel 
having yield strengths varying from 38.7 to 47.1 ksi. 
f at E 
c U 
(b) From EO to EU' Hognestad proposed a straight line with 
0.0038 c~ual to 0.85 f!l. 
c 
For fl 4000 psi 
C 
ftl 3400 psi 
c 
E 3,365,000 psi 
c 
EO 0.00202 
HognestadTs curve for the above values of f~ and EO is shown in Fig. 4.8 
as curve 1. 
(2) Sahlin (4) 
Sahlin proposed an exponential form of equation for the stress-
strain relationship of concrete. His equation is: 
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where cr = stress in concrete 
cr = maximum concrete stress 
m 
E concrete strain corresponding to cr 
concrete strain corresponding to cr = 0.002 
m 
For cr = f" = 3400 psi, Sahlints curve is shown in Fig. 4.8 as curve 2. 
m c 
This is a continuous curve, without any limit on E • 
U 
(3) Liebenberg (15) 
Liebenberg proposed the following equation for the stress-strain 
relationship of concrete: 
where f concrete stress 
A 67,000 lbl / 2/in. 
s 
u 
cyl cylinder strength of concrete 
B 1 /r en + l)E:l 
n f max I(As ~~E - f ) cy m max 
E 0.002 
m 
f = maximum concrete stress fr~m experimental 
max 
results 
E concrete strain corresponding to f 
Liebenberg's proposed curve for concrete having a cylinder strength of 
4000 psi is shown in Fig. 4.8 as curve 3. 
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(4) Todeschini (7) 
The following equation for stress-strain curve of concrete was 
proposed by Todeschini: 
where f 
c 
concrete stress 
fIT = maximum concrete stress = 0.85fT 
c C 
E 
EO 
fT 
c 
Todeschini
'
s curve for fl 
c 
concrete strain corresponding to f 
c 
concrete strain at maximum stress 
= maximum concrete stress as determined from 
cylinder tests 
4000 psi is shown in Fig. 4.8 as curve 4. 
It can be seen in Fig. 4.8 that the stress-strain curves for 
concrete proposed by Leibenberg and Sahlin falloff rapidly beyond " the 
strain EO. LeibenbergT s curve falls off more steeply than Sahlin T s. 
Nylander and Sahlin (5) tested reinforced concrete continuous beams and 
based on the comparisons of their analytical results using SahlinTs curve 
with the experimental results, it can be concluded that the falling branch 
of the curve proposed by Sahlin is too steep. This will be further 
explained in detail in Section 4.2.6. The differences in the maximum stress 
for LiebenbergTs curve and for the other three curves shown in Fig. 4.8 are 
due to the different values of the constant k3 which relates the concrete 
strength in the member with the cylinder strength of concrete fT. Curves 1, 
c 
2, and 4 have k3 = 0.85, so that the maximum stress fIT is equal to 
- c 
0.85ft 
C 
3400 psi; Liebenberg, however, has taken ffT greater than 0.90 fT 
c c 
depending on the experimental results with which he compared his equation 
for the curve. 
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4.2.3. Rectangular Stress Block Specified by the ACI Code 
Sections 1503 (f) and (g) of the 1963 ACI Code read as: 
!I(f) At ultimate strength, concrete stress is not proportional 
to strain. The diagram of compressive concrete stress distribution may 
be assumed to be a rectangle, trapezoid, parabola, or any other shape which 
results in prediction of ultimate strength in reasonable agreement with the 
results of comprehensive tests. 
!I(g) The re(}.uirements of (r) may be considered satisfied by the 
e(}.uivalent rectangular concrete stress distribution which is defined as 
follows: At ultimate strength, a concrete stress intensity of 0.85ft shall 
c 
be assumed uniformly distributed over an e(}.uivalent compression zone 
bounded by the edges of the cross section and a straight line located 
parallel to the neutral axis at a distance ~ c from the fiber of maximum 
compressive strain. The distance c from the fiber of maximum compressive 
strain to the neutral axis is measured in a direction perpendicular to that 
axis. The fraction ~ shall be taken as 0.85 for strengths, f~, up to 
4000 psi and sha~l be reduced continuously at a rate of 0.05 for each 
1000 psi of strength in excess of 4000 psi. tT 
Figure 4.9 shows the strain and stress distribution over a 15-in. 
s(}.uare section. Figure 4.9(d) shows the e(}.uivalent rectangular stress 
block in accordance with Section 1503 (g) of the ACI Co~e, stated above. 
As per the Cormnentary on the ACI Building Code Re(}.uirements (16), this 
rectangular stress distribution does not represent the actual stress dis-
tribution in the concrete compression zone, but has been recommended only 
to enable the designer to calculate- (}.uickly the compression force in the 
concrete and its centroid. However, Section 1503 (f) permits the use of 
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any other concrete stress distribution in the compression zone if the 
results of ultimate strength analyses using the assumed stress-strain 
relationship for concrete are in good agreement with comprehensive tests. 
Therefore, in the analyses of a reinforced concrete section carried out 
herein, concrete stress-strain relationships other than the rectangular 
stress block have been assumed, as explained in Section 4.2.5. 
4.2.4. Comparison of Equivalent Rectangular Stress Block with Other 
Stress-Strain Curves 
Figure 4.10 compares the equivalent rectangular stress block, 
specified by the 1963 ACI Code for the purpose of calculating the compres-
sion force in concrete for ultimate strength analysis, with two stress-
strain curves, one proposed by Hognestad and the other by Todeschini. 
Hognestad found good comparisons of analytical results using his curve. 
with the experimental results obtained from a large number of tests on 
eccentrically loaded columns. Todeschini tested a limited number of 
reinforced concrete columns, and obtained a good correlation between 
analytical and e~erimental results. Comparisons of Figs. 4.7 and 4.8 show 
that the stress-strain curves proposed by Hognestad and by Todeschini are 
very close to the curves obtained from tests. Both of these authors have 
taken the value of k3 = 0.85, as does the ACI Code. The values of the 
constants ~k3 and k2 for these curves are compared below in all cases 
for f' 
c 
4000 psi: 
E 
u 
~~ 
~ 
Hognestad 
0.0030 0.0038 
0.648 0.668 
0.410 0.432 
Todeschini ACI 
0.0030 0.0040 0.0030 
0.667 0.684 0·723 
0.414 0.444 0.425 
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It is clear from the above that, at E = 0.003, the equivalent 
u 
rectangular stress block of the ACI Code gives higher values of ~k3 and 
k2 than either of the curves proposed by Hognestad or Todeschini. At 
EU = 0.0038, as proposed by Hognestad, klk3 from Hognestad's curve is less 
than that of the rectangular stress block. Similarly the maximum value of 
for Todeschini's curve, which occurs at a strain E = 0.004, as shown 
m 
in Fig. 4.l2, is less than that of the rectangular stress block. Both the 
curves proposed by Hognestad and Todeschirii have an initial tangent 
modulus E = 3,400,000 psi as compared to the value of E 
c c 
3,660,000 psi 
calculated for f' = 4000 psi according to Section 1102 (a) of the 1963 
c 
ACI Code. Curve (d) in Fig. 4.10 was obtained by a trial-and-error procedure 
to give approximately the same values of ~~ and k2 as given by the 
equivalent rectangular stress block. It gives ~k3 = 0.848 and k2.= 0.414. 
However, the initial tangent modulus of this curve is 5,600,000 psi, which 
is very high. Therefore, such a curve is not representative of the concrete 
stress-strain relationship. 
If the stress-strain curve of concrete is taken as a parabola up 
to EO' as proposed by Hognestad, and ~ is taken equal to 0.85, then it is 
not possible to obtain a curve with a falling branch which would give the 
same value of ~k3 as the eCluivalent rectangular stress-block of the ACI 
Code. However, if it is assumed that the stress-strain curve consists of 
a parabola from E = 0 to E = EO and has a flat plateau from EO to E
u
' then 
such a curve will give ~ ~ = o. 7225 at E.
u 
= 0.00322. But, this stres s-
strain curve also is not possible for a normal unconfined concrete. There-
fore, the eCluivalent rectangular stress block gives a higher value of ~~ 
than any realistic curve representing the stress-strain relationship for 
concrete. 
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4.2.5. Concrete Stress -Strain Curves E;elected for Use in Analyses 
Comparison of Figs. 4.7 and 4.8 shows that Todeschini's curve, 
shown in Fig. 4.8 as curve 4, compares quite well with the test curves 
obtained by Barnard (11). Todeschini's curve is also similar to Hognestad's 
curve up to the strain E = 0.0038 proposed by Hognestad. However, 
U 
Hognestad's curve was not selected for use in the analyses because, its 
falling branch is a straight line and E is limited to 0.0038. In the 
u 
method of analysis explained in Chapter 3; a higher limit of ultimate 
concrete strain is considered and, although the straight line representing 
the falling branch of Hognestad's curve could be extended up to any value 
of ultimate concrete strain, a continuous curve representing both the 
ascending and descending branches of concrete stress-strain curve is 
preferable. The stress-strain curves proposed by Sahlin and Liebenberg 
also have not been used here because these curves are too steep in the 
falling branch, as explained in Section 4.2.2. Therefore, Todeschini's 
curve given by the equation in Section 4.2.2 has been selected for use in 
the analyses. Such curves for three values of fT = 3000, 4000, and 
c 
5000 psi are st,'J .... ~ in Fig. 4.11. For these curves, Fig. 4.12 shows the 
curves fOT ttE- ',-::':"J.es of constants ~ k3 and k2 for various values of 
concrete stra:i:-.. 
4.2.6. Useful =--i.r:.it of Ultimate Concrete Strain in Extreme Compression Fiber 
In the method of analysis explained in Chapter 3, the ultimate 
capacity of a reinforced concrete section is determined from the moment-
strain curves in accordance with the criteria stated and explained in 
Section 3.3. Depending on the value of ultimate axial load and the stress-
strain relationship of the reinforcing bars and concrete, the moment-strain 
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diagram may continue to rise as the strain in the extreme compression fiber 
increases. This will be discussed in Section 5.2 and shown in Figs. 5·1 
and 5.2. However, at higher values of E4, the concrete in the compression 
zone is Hdamaged"; the extent of damage depends on the concrete strains. 
At some value of E4, the concrete in the compression zone is so damaged 
that it is no longer able to provide the re~uired compression force to resist 
the applied external forces, and failure of the section occurs. This value 
of E4 is considered to be the useful limit of ultimate concrete strain in 
the extreme compression fiber. In the method of analysis explained in 
Chapter 3, this limit of E is taken e~ual to 0.010. Such a high limit was 
u 
put on E , as compared to the value 0.003 specified in the 1963 ACI Code, 
u 
because of the following considerations. 
(1) From the stress-strain curves obtained by Barnard (11), 
which are shown in Fig. 4.7, it can be seen that considerably higher strains, 
beyond 0.010, can be measured on concentrically loaded specimens. Barnardts 
tests show that, even at a strain of 0.0106, the specimen did not collapse, 
although it was ~ell cracked. The techni~ue of testing the specimen and 
measuring concrete strains is important in obtaining the falling branch of 
stress-strain curve. Beyond the maximum stress, concrete undergoes strain 
at reduced stress. Conse~uently, if the testing e~uipment releases the 
energy suddenly, the cracked concrete will rupture suddenly and very small 
strains will be measured. 
(2) Larger strains are developed in the crushing zone of the 
concrete than in the regions outside it; therefore, the extent to which 
concrete strains can be measured depends on the gage length in comparison 
with the height and corss-section of the specimen, and also on the location 
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of the gage with respect to the failure region. Thus, for the same 
specimen~ a longer gage length will give an average strain over the gage 
length~ and hence a smaller strain than will a shorter gage length if the 
failure or crushing occurs within the gage length. However, if the crushing 
occurs outside the gage length, a considerably smaller strain will be 
measured. In reinforced concrete members, the local strains in the crushing 
zone cause the collapse and are, therefore, important in analyzing the 
reinforced concrete sections. 
(3) The ultimate concrete strain that can be measured in tests 
of beams and columns depends on (a) the moment-strain relationship for the 
cross-section of the member in the failure region, and (b) the equipment 
used for the measurement of strains. If the moment-strain diagram peaks 
at a strain less than 0.010, it will be difficult to measure the strains 
beyond the value at the peak moment, particularly in tests of columns~ 
because the energy is suddenly released from the testing apparatus and 
instability occurs after reaching the peak moment. But, if the moment-strain 
diagram continues. to rise with an increase in strain, instability should 
not occur, and the specimen should continue to resist additional moment 
while undergoing large deformations. In this case, the strain measured 
depends on the type of instrumentation used. Mechanical strain gages used 
to measure changes in length between two gage points do not work at large 
strains because the gage points are physically dislocated as concrete begins 
to spall at the surface. For the same reason, electric resistance strain 
gages also becom inoperative when large local deformations or spalling 
occurs at the gage location. In the beam tests reported in Ref. (17) and 
(18), linear differential transformer gages were used with continuously 
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recording e~uipment, and ultimate concrete strains up to 0.058 were 
~ecorded from tests of beams under a single point load. The moment gradient 
obtained under this loading was responsible for some confining effect on the 
concrete, and this would account for the very large concrete strains 
measured. In reinforced concrete frames, there is a very sharp variation 
of moment near the joint of beams and columns where maximum moment occurs. 
Also, in this region, there is a large shear force for which a considerable 
amount of web reinforcement in the form of stirrups is provided. Both these 
factors produce some confining effect, and strains greater than 0.010 would 
be obtained in the failure region. 
(4) Nylander and Sahlin (5) tested continuous reinforced concrete 
beams, and measured very large concrete strains in the compression zone, up 
to a maximum of about 0.050. The interior supports, to provide continuity 
in their tests, were 200 mill apart, and the widths of the test beams were 
100 and 200 mID, while the depth of the beams was 120 rom. Concrete strains 
were measured over a gage length of 200 rom between the interior supports. 
These dime~sions suggest that there must have been some confinement of 
concrete be~~~e~ :he interior supports, which could have helped in permitting 
these large s:y~i~s. However, such large strains were measured even when the 
moment-strai:.::':-.lY""'Ies were falling off slightly, and the maximum moment had 
occurred at 2o:.siierably lower strains. In most of the beams, premature 
failure had occurred due to shear or fracture of anchorages. In those beams 
where precautions were taken to prevent anchorage failures, very large 
concrete strains, ranging from 0.012 to 0.047, were measured in the main 
test beams as well as in the short control beams. Considering the measured 
moment-strain diagrams, it can be concluded that a limit of E = 0.010 is 
u 
on the conservative side. 
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(5) It will be shown in Chapters 5, 7 and 8 that it is only at 
low levels of ultimate axial load that the ultimate moment occurs at 
E O.OlO. As the ultimate axial load increases, the depth to the neutral 
u 
axis increases, and the value of ultimate concrete strain decreases. For 
Grade 60 steel, at ultimate axial load levels below the balance point, the 
depth to the neutral axis is very small; consequently, there is some 
confining effect in concrete and the limiting value of EU = 0.010 is 
justified. However, at ultimate axial load levels above the balance point, 
the ultimate concrete strain is less than 0.006 for all values of Pt and 
ft used in the analyses in Chapter 7. At higher loads, the greater depth 
c 
to the neutral axis does not provide the confinement that is available at 
lower load levels, and smaller values of the ultimate concrete strain should 
be obtained which is what the analysis predicts. For Grade 75 steel, it 
will be explained in Chapter 8 that, as q. = Pt f If' increases, moment-
"'"t y. c 
strain curves continue to rise up to E > 0.010 even at higher values of 
u-
ultimate axial load. However, in such cases, buckling of compression bars 
governs the ultimate capacity rather than the useful limit of ultimate 
concrete strain. 
In view of the above-mentioned considerations, it seems justified 
to assume that the useful limit of ultimate concrete strain E may be taken 
u 
at least as high as 0.010. 
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5. TYPICAL INTERACTION DIAGRAM 
5.1. Introduction 
In this chapter, the analysis and the behavior of a typical 
reinforced concrete section subjected to various combinations of ultimate 
axial load and bending moment are explained in detail. It is intended that 
this chapter will provide a basis for the explanations of the factors that 
influence tbe strength and bebavior of the section when the strain-hardening 
region of the stress-strain curve of the reinfording bars is considered in 
the analysis. 
The method of analysis explained in Chapter 3 has been used to 
obtain a complete interaction diagram for the 15-in. s~uare reinforced 
concrete section shown in Fig. 5.3. The section consists of three °#11 
reinforcing bars in each face parallel to the axis of bending. In order to 
satisfy the provisions of the 1963 ACI Code for lateral ties, Section 806(b), 
and for the cover over the lateral ties, Section 808(c), the values of 
d t and d were taken as 2.45 and 12.55 in., respectively. The stress-strain 
curve for steel 5 shown in Fig. 4.5 was selected for the reinforcing bars, 
with a yield strength f y 60 ksi. The concrete was assumed to have a 
cylinder strength fT e~ual to 4000 psi. The stress-strain curve shown in 
c 
Fig. 4.11 was selected for the concrete. The value of the coefficient 
as explained in Section 4.2.2, was taken equal to 0.85. The above section 
properties give total steel ratio Pt = 0.0416 and ~ = Ptfy/f~ = 0.625. 
5.2. Moment-Strain Diagrams 
As explained in Section 3.4, the moment-concrete strain (M - E4) 
diagrams were obtained for 11 values of axial load, including zero axial 
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load (pure moment) for the reinforced concrete section described in 
Section 5.1. These M - E4 curves are shown in Fig. 5.1, with the axial 
load P indicated for each curve. The peak of each moment-strain curve 
u 
is marked by a small vertical line and a number which corresponds to that 
shown subse~uently on the interaction diagram in Fig. 5.3. 
It can be seen in Fig. 5.1 that for P = 0 and P = 100 kips, 
u u 
the M - E4 curves continue to rise as E4 is increased. These M - E4 curves 
are repeated in Fig. 5.2 for strains up to E4 = 0.030. The stress-strain 
curve for the concrete is also shown in Fig. 5.2. It has been extended to 
a strain of 0.030 using the e~uation proposed by Todeschini et al (7). 
This figure shows that M continues to increase for P 
u 
if E4 is increased to 0.030. This is explained below: 
o and 100 kips even 
At these values of ultimate axial load, e~uilibrium of forces 
occurs at such strain distributions that, at low values of E4, the compres-
sion steel strain E3 is in the elastic region, and the tension steel strain 
is in the strain-hardening region. As E4 is increased, the compression and 
tension steel strains are also increased, which increases the tension and 
compression steel forces and their moments about the plastic centroid. 
At E4 > Em' the value of ~~ decreases, which reduces the compression force 
in the concrete. A small increase in the depth to the neutral axis increases 
the area of concrete in compression, which increases the compression force 
in the concrete, but not as much as the decrease in the same force caused 
by the decrease in ~~. Thus the compression force in the concrete is 
reduced and this reduction is compensated for by the increase in the compres-
sion steel force explained above. The increase in the depth to the neutral 
axis, coupled with the increase in the value of k2 at higher value of E4' 
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reduce the lever arm for the concrete f'Jrce, which reduces the moment of 
the concrete force. But, the increases in the moments of the tension and 
compression steel forces explained above more than compensate for the 
reduction in the moment of the concrete force. Therefore, there is a net 
increase in the total moment and the M - E4 curve continues to rise as E4 
is increased. 
Figure 5.1 shows that, at an ultimate axial load of P = 200 kips, 
u 
the maximum value of moment occurs at E4 ~ 0.0045 (point 3), but the 
M - E4 curve is ~uite flat. The reduction in moment at E4 = 0.010 is only 
1 percent of the maximum moment at E4 = 0.0045. As shown in Fig. 5.2, if 
E4 is increased beyond 0.010, the moment continues to decrease up to E4 = 
0.014, but increases again as E4 is increased further until, at E4 = 0.026, 
the moment exceeds the previous maximum value at E4 = 0.0045. This is 
explained below: 
The depth to the neutral axis increases as the axial load P 
u 
increases. This increases the area of concrete in compression as well as 
the concrete for~e. At the same time, the lever arm is reduced. As 
explained above for the smaller axial loads, the reduction in the concrete 
force caused by the reduction in the value of kl~ is compensated for by 
the increase in the compression steel force, until the latter yields. For 
P
u 
200 kips, the compression steel yields at E4 ~ 0.004, which re~uires 
that the depth to the neutral axis must increaSe to increase the area of 
concrete under compression and the concrete force. This reduces the lever 
arm of the concrete force which in turn reduces the moment of the concrete 
force. For 0.0045 < E4 < 0.014, the reduction in the moment of the concrete 
force is more than the total increase in the moments of the tension and 
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compression steel forces, which gives a net reduction in the total moment, 
thougb this reduction is very small. 
At high values of E4' the compression steel goes into the strain-
hardening region and its force increases as E4 is increased. At very high 
values of E4 > 0.014, the increase in the compression steel force more than 
compensates for the decrease in the concrete force, and the total increase 
in the moments of the tension and the compression steel forces about the 
plastic centroid exceeds the decrease in moment of the concrete force. This 
gives a net increase in the total moment, and the M - E4 curve again rises. 
It can be seen in Fig. 5.2 that, at a very high concrete strain 
E4' the stress-strain curve for concrete tends to became flat, as do the 
curves for ~~ and k2 shown in Fig. 4.12. Also, at very high values of E4' 
the compression steel strain is so high that it lies in that region of the 
stress-strain curve which tends to become flat. As a result, an increase 
in strain produces very small changes in the compression forces in the 
concrete and in the steel. The equilibrium of forces at very high values 
o~ E4 is obtained with very small changes in the depth to the neutral axis 
and the lever ar.m. Consequently, there is very little increase in the 
moment at very high values of E4. Furthermore, this increase in moment is 
reduced as the ultimate axial load P
u 
is increased, and the M - E4 curves 
for higher ultimate axial loads tend to become flat at the higher values 
For P = 300 kips, which is very close to the balance point, the 
u 
M - E4 curve is almost flat at the very high values of E4 shown in Fig. 5.2. 
At higher values of ultimate axial load, instead of a net increase, there 
occurs a net decrease in the moment, as the concrete force and its moment 
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are reduced more and more. This is so because more area of the concrete 
is in compression and the concrete plays a greater part in bringing about 
e~uilibrium of forces. Since it is the concrete force that tends to 
reduce the total moment which must be compensated for by the compression 
steel, more and more reduction in the concrete force and moment takes place 
as P increases. When the compression steel is not able to compensate for 
u 
such a large reduction in the concrete force and its moment about the 
plastic centroid, the M - E4 curves falloff at the higher concrete strains, 
as can be seen in Fig. 5.1. 
Although, theoretically the M - E4 curves for low values of axial 
load P
u 
continue to rise as E4 increases, even to such high values as shown 
in Fig. 5.2, practically it .is not possible to load the reinforced concrete 
section to such high strains because the concrete covering the reinforcement 
will crush and falloff and, with normal spacing of lateral ties, the 
compression bars will buckle at high strains. Therefore, a useful limit 
of concrete strain has been taken equal to 0.010. This has been explained 
in detail in Section 4.2.6. In view of this, the M - E4 curves have been 
limited to 0.010 as shown in Fig. 5.1. 
5.3. Load-Moment and Load-Curvature Diagrams 
The ultimate moment was obtained from the M - E4 curves of 
Fig. 5.1 for each of the ultimate axial load values shown in that figure 
in accordance with the criteria explained in Section 3.3. This gives a 
set of ultimate moments corresponding to the chosen ultimate axial loads. 
These values of ultimate axial load and the corresponding ultimate moment 
are plotted in Fig. 5.3. The numbered points relate the ultimate axial 
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compression steel forces, which gives a net reduction in the total moment, 
though this reduction is very small. 
At high values of E4' the compression steel goes into the strain-
hardening region and its force increases as E4 is increased. At very high 
values of E4 > 0.014, the increase in the compression steel force more than 
compensates for the decrease in the concrete force, and the total increase 
in the moments of the tension and the compression steel forces about the 
plastic centroid exceeds the decrease in moment of the concrete force. This 
gives a net increase in the total moment, and the M - E4 curve again rises. 
It can be seen in Fig. 5.2 that, at a very high concrete strain 
E4' the stress-strain curve for concrete tends to became flat, as do the 
curves for ~k3 and k2 shown in Fig. 4.12. Also, at very high values of E4' 
the compression steel strain is so high that it lies in that region of the 
stress-strain curve which tends to become flat. As a result, an increase 
in strain produces very small changes in the compression forces in the 
concrete and in the steel. The equilibrium of forces at very high values 
of E4 is obtained with very small changes in the depth to the neutral axis 
and the lever arm. Consequently, there is very little increase in the 
moment at very high values of E4' Furthermore, this increase in moment is 
reduced as the ultimate axial load P
u 
is increased, and the M - E4 curves 
for higher ultimate axial loads tend to became flat at the higher values 
For P = 300 kips, which is very close to the balance point, the 
u 
M - E4 curve is almost flat at the very high values of E4 shown in Fig. 5.2. 
At higher values of ultimate axial load, instead of a net increase, there 
occurs a net decrease in the moment, as the concrete force and its moment 
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are reduced more and more. This is so because more area of the concrete 
is in compression and the concrete plays a greater part in bringing about 
equilibrium of forces. Since it is the concrete force that tends to 
reduce the total moment which must be compensated for by the compression 
steel, more and more reduction in the concrete force and moment takes place 
as P increases. When the compression steel is not able to compensate for 
u 
such a large reduction in the concrete force and its moment about the 
plastic centroid, the M - E4 curves falloff at the higher concrete strains, 
as can be seen in Fig. 5.1. 
Although, theoretically the M - E4 curves for low values of axial 
load P
u 
continue to rise as E4 increases, even to such high values as shown 
in Fig. 5.2, practically it .is not possible to load the reinforced concrete 
section to such high strains because the concrete covering the reinforcement 
will crush and falloff and, with normal. spacing of lateral ties, the 
compression bars will buckle at high strains. Therefore, a useful. limit 
of concrete strain has been taken equal to 0.010. This has been explained 
in detail in Section 4.2.6. In view of this, the M - E4 curves have been 
limited to 0.010 as shown in Fig. 5.1. 
5.3. Load-Moment and Load-Curvature Diagrams 
The ultimate moment was obtained from the M - E4 curves of 
Fig. 5.1 for each of the ultimate axial load values shown in that figure 
in accordance with the criteria explained in Section 3.3. This gives a 
set of ultimate moments corresponding to the chosen ultimate axial loads. 
These values of ultimate axial load and the corresponding ultimate moment 
are plotted in Fig. 5.3. The numbered points relate the ultimate axial 
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load and moment plotted in Fig. 5.3 to the corresponding points on 
Figs. 5.1 and 5.2. The strain distribution across the section at which 
the ultimate moment occurs is also shown in Fig. 5.4 for each of the ultimate 
axial load levels. The curvatures obtained from these strain distributions 
are plotted against the corresponding ultimate axial loads in Fig. 5.4. 
The load-curvature diagram of Fig. 5.4 shows that, below the 
balance point, very large curvature is obtained at ultimate capacity. In 
this region, the ultimate concrete strain'E is ~uite large and the depth 
u 
to the neutral axis kd is ~uite small. Since the ultimate curvature ~ is 
u 
the ratio E /kd, large curvatures result. 
u 
5.4. Strain Distributions for Moment-Strain Diagram 
As explained in Section 3.4, the M - E4 diagram at a given 
ultimate axial load is obtained by taking various values of E4 and finding 
e~uilibrium of forces at each. This gives different strain distribution 
over the depth of the section at each value of E4. These strain distribu-
tions are shown ~n Figs. 5.5 and 5.6 for two axial load levels, P = 200 
u 
and 500 kips, respectively. The lower axial load level is below the balance 
point while the higher is above. Both of these strain-distribution diagrams 
show that for equilibrium of forces for increasing values of E4: 
(a) the compression steel strain E3 is increased, 
(b) the tension steel strain E2 is increased, 
(c) the curvature cP is increased, and 
(d) the depth to the neutral axis kd is reduced until the 
compression steel yields; thereafter kd is increased. 
Items (a), (b) and (c) above are obvious from the strain dis-
tributions in Figs. 5.5 and 5.6, and need no explanation. The change in 
the depth to the neutral axis is explained below: 
It can be seen in Figs. 5.5 and 5.6 that, before the compression 
steel yields, the value of E4 is less than or equal to Em' so that klk3 
increases as E4 is increased. This means that both the compression steel 
force and the concrete force increase as E4 is increased. The tension 
steel strain usually lies in that region of stress-strain curve for which 
the stress, and hence the force in the tension steel, do not increase 
rapidly enough to balance the increase in the total compression forces. 
Therefore, the depth to the neutral axis must decrease in order to slow the 
increase in the compression steel strain and hence its force, and at the 
same time, the area of concrete under compression is reduced which reduces 
the increase in the concrete force caused by the increase in kl k3
. This 
further increases the tension steel strain and its force, to obtain 
equilibrium of forces. 
After ~he compression steel has yielded, the value of E4 exceeds 
Em so that klk3 is reduced as E4 is increased, and thus the concrete force 
is reduced. The compression steel force remains constant, if E3 is on the 
flat plateau, or increases slowly, if E3 is in the strain-hardening region. 
In the former case, the reduction in the concrete force has to be fully 
compensated for by increasing the area of concrete in compression, while 
in the latter case, the reduction in the concrete force is partly 
compensated for by the increase in the compression steel strain and hence 
its force, and pa~tly by the increase in the area of concrete in compression. 
In both cases, the depth to the neutral axis is increased to obtain more 
area of concrete in compression. 
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5.5. Variation of Steel and Concrete Strains with Ultimate Axial Load 
Figure 5.7 shows strains and stresses in the tension and com-
pression steel, and in the extreme compression fiber of the concrete at 
the ultimate capacity of the reinforced concrete section whose properties 
are given in Section 5.1. These stresses and strains are marked on the 
stress-strain curves for the tension and the compression steels an4 for 
the concrete by a small line and a number which identifies the ultimate 
axial load level at which the ultimate moment capacity was calculated. 
The numbers 1 through 12 correspond to those identifying ultimate axial 
load levels in Figs. 5.1 through 5.4. For example, the number 3 on Fig. 5.7 
indicates that, at the ultimate axial load level 3, corresponding to 
P 200 kips, (in Fig. 5.1 and 5.2), the ultimate moment was reached at 
u 
such a strain distribution that: 
~e ultimate concrete strain E4 E = 0.00450 u 
The compression steel strain E3 0.00256 (comp.) 
The compression steel stress f' 60 ksi (comp.) 
s 
The tension steel strain E2 0.00546 (tens.) 
The tension steel stress f 63.44 ksi (tens.) 
s 
It can be seen in Fig. 5.7 that the ultimate moment of the 
section at various axial load levels does not occur at a constant value of 
the ultimate concrete strain E. This is contrary to the assumption of 
u 
Section 1503 (c) of the 1963 ACI Code. The calculated ultimate concrete 
strain decreases as the ultimate axial load increases. At ultimate axial 
load levels 1, 2 and 3, below the balance point, the ultimate concrete 
strain is significantly greater than the value of 0.003 assumed in the 
ACI Code. Figures 5.1 and 5.2 show that, at small values of the ultimate 
axial load, there is significant difference between the moment at E4 = 0.003 
and at E4 E > 0.003. This effect of the limiting ultimate concrete u 
strain is dis cussed in detail for additional cases in Section 7.2. 
Figure 5.7 shows that the tension steel strain is reduced as 
the ultimate axial load is increased. At ultimate axial load levels below 
the balance point, the tension steel strain lies in the straln-hardening 
region of the stress-strain curve. Between the balance point and an ultimate 
axial load approximately e~ual to two-thirds of the axial load capacity with 
zero eccentricity (2/3 PO)' the tension steel strain lies in the tensile 
elastic region, and at ultimate axial loads greater than about 2/3 Po it 
lies in the compressive elastic region. The compression steel strain lies 
in the lower portion of the strain-hardening region at ultimate axial load 
levels below the balance point, but at and above the balance point the 
compression steel strain is close to the value at yielding. For a steel 
having a stress-strain curve with a long flat plateau, such as steel 6 
(Fig. 4.5), the compression steel strain will lie on the flat plateau at all 
axial load 1e"·,;e15. But, for a steel having a round-house stress -strain 
curve such s: :ts~ for steel 8 (Fig. 4.5) the compression steel strains 
will lie i;-. +_:::::;.: Tee;ion of the stress-strain curve which is below the curve 
for a normal ::::;.:-top steel. 
59 
6. COMPARISON OF ANALYTICAL AND EXPERIMENTAL RESULTS 
6.1. Introduction 
In this chapter, reinforced concrete beams and columns tested 
in various laboratories are analyzed by the method of analysis explained 
in Chapter 3, and the analytical results compared with the experimental 
results. This will therefore test the validity of the assumptions made 
in the analys is • 
As explained in Chapter 3, the method of analysis is based on the 
use of realistic representations of the properties of the materials. There-
fore, the following properties must be available before any comparison can 
be made with the test results. 
(a) Actual stress-strain curves for the reinforcing bars used 
in the specimens. 
Cylinder strength of concrete fr used in the specimens or 
c 
a reasonable est:i.mate of the strength of concrete in the spec:i.mens. 
(c) D:i.mensions of .the specimens including area of the 
reinforcement. 
(d) Loading conditions. 
Although the method of analysis explained in Chapter 3 is general, 
and can be used for analysis of reinforced concrete sections with any type 
of steel, the purpose of this method of analysis is to consider and utilize 
the strain-hardening region of the stress-strain curve of the reinforcement, 
particularly for high-strength steels having a round-house stress-strain 
curve or a stress-strain curve with a short flat-plateau followed by strain 
hardening. Therefore, the comparisons that can be made with the experimental 
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results have been limited to only those tests in which the steel stresses 
at failure reached or could have reached the strain-hardening region of 
the stress-strain curve. The requirements (a) and (b) for the properties 
of materials further limit the comparisons to only a few available test 
programs, since the actual stress-strain curves for steel are sometimes 
not reported, and also since the cube strengths of concrete are sometimes 
available instead of cylinder strengths, especially for the tests conducted 
in the United Kingdom. Conversion of cube strengths into cylinder strengths 
may result in considerdble error. 
In view of the above-mentioned limitations, comparisons of the 
analytical results are made with results from four test programs which 
are presented and discussed in Sections 6.2 through 6.5. 
6.2. Gastonts Tests (19) 
Gaston tested 6x12-in. reinforced concrete bearJs under third-
polnt loads. Two series of beams were tested. In the T-series, only 
tension reinfor-cement was provided, while in the C-series, both compression 
and tension reinforcement was provided. Various values of concrete cylinder 
strength fT, and of the areas and sizes of the tension and compression 
c 
reinforcement A t and A were used. The stress-strain curves of the s . sc 
reinforcing bars of all sizes had long flat-pl5.teaus fo:J..lowed by strain-
hardening which began at strains varying "between 0.01 and 0.02. The yield 
strengths of bars ranged fl'QID 1+0,600 to 56,100 psi. The tension steel 
strains were mea.sured by mechanical gages "¥7hile the concrete strains in the 
extreme compression fiber were measured by means of electric resistance 
strain gages. 
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The measured tension steel strains show that, at ultimate 
capacity, strain hardening of the reinforcing bars in tension was reached 
in all the beams provided with compression steel, except in those beams 
which had a high percentage of tension reinforcement, whereas strain-
hardening was seldom reached in the beams of T-series. Conse~uently, in 
order to compare the analytical results with test results at steel strains 
well into the strain-hardening region, comparisons have been made here 
with all beams of C-series, but only six b'eams of T-series, selected at 
random and covering all ranges of f~, have been analyzed. 
Tables 6.1 and 6.2 give the properties of these beams as well 
as the values of the ultimate moments calculated by the method of analysis 
explained in Chapter 3 and the measured ultimate moments. The information 
re~uired for the analyses is available in Ref. 19, except the following 
modifications which were found to be necessary: 
(1) Although only one typical stress-strain curve was given for 
each size of the reinforcing bars, the yield strength, the yield strain 
and the strain at, the beginning of strain-hardening were reported for the 
bars in each beam. Also, the shapes of the strain-hardening region of the 
stress-strain curves of the -same size bars were similar. Therefore, the 
reported typical stress-strain curves of the bars were modified to 
represent, as closely as possible, the stress-strain curves of the bars in 
each beam. 
(2) The method of analysiS assumes a value of the coefficient ~ 
which would relate the strength of concrete in the beam to the cylinder 
strength f' of the same concrete. The 1963 ACI Code takes the value of 
c 
~ = 0.85. At first, a few beams with compression reinforcement were 
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analyzed using k3 = 0.85, but the calculated ultimate moments were less 
than the measured ultimate moments by 8 to 10 percent. The method of 
analysis explained in Chapter 3 has shown that, when the strain-hardening 
region of the stress-strain curve of the reinforcement is utilized in the 
analysis, ultimate capacity of the section depends on the value of fTT = k fT . 
c 3 c 
The value of k3 can vary widely depending on various factors including the 
type and properties of the specimen. For columns, for which a greater 
portion of the cross-section is in compression, the value of ~ = 0.85 seems 
to be justified. However, for beams--especially under-reinforced beams--the 
depth to the neutral axis may be small and thus there may be some confining 
effect on the concrete in the compressed zone. Conse~uently, the value of 
k3 may be greater than 0.85. This is also true for the beams tested by 
Gaston. Gaston has recommended the following relationship between the values 
of klk3 and f~ which gave good agreement between the test results and the 
analytical results using the measured steel stresses at ultimate capacity. 
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0.625 + f' - 1500 
c 
where ~ is the coefficient which gives average stress in the compression 
zone in the beams. For very small values of fT the above e~uation gives 
c 
unreasonably large value of ~k3. Therefore, for the purpose of analyses 
here, it was assumed that the upper limit on the value of ~k3 is 1.0, 
i.e. for f~ ~. 3100, ~k3 was taken e~ual to 1.0 and for f~ > 3100, ~k3 
was calculated fram the above e~uation. 
In the method of analysis used herein, the stress-strain curve 
for concrete proposed by Todeschini et al (7), (Fig. 4.11), has been used 
with f~ = ~f~. Also, the coefficient ~ which is determined from this 
stress-strain relationship depends on the value of ultimate concrete strain 
in the extreme compression fiber, E. Thus, the only purpose of using 
u 
Gastonts equation for ~k3 is to determine the value of~. As has been 
explained in Chapter 5, the ultimate moment of an under-reinforced concrete 
beam with compression steel occurs at a large value of EU' for which ~ is 
small (Fig. 4.12). If such a value of ~ were used to obtain k3 from 
Gaston's equation, an unreasonably high value of ~ would be obtained. For 
the values of f~ used in the beams of C-s~ries, ~~ as determined from 
Gastonts equation varies between 0.80 and 1.0 (limit). If ~ S 0.80, 
k3 ~ 1.0 and this value of k3 is too high. Consequently, it was assumed 
that for all values of f~, ~ = 0.80. This is the value of ~ given by 
the stress-strain curve shown in Fig. 4.11 at a concrete strain of 0.004 
(Fig. 4.1.2) which is the ultimate concrete strain recommended by Gaston. 
The value of k3 determined by this procedure for the beams of C-series 
varied between 1.00 and 1.25. 
Tables 6.1 and 6.2 give the ratios of measured ultimate mo~ents 
to the ultimate moments calculated by the method of analysis explained in 
Chapter 3. For the beams of C-series, these ratios vary between 0.95 and 
1.05 with an average of 0.99. Gastonts analysis gave the same ratios varying 
between 0.95 and 1.08 with an average of 1.03. For the six beams of T-series 
(Table 6.2) analyzed here, the moment ratios vary between 0.93 to 1.0 with 
the average value of 0.99. 
The values of ultimate concrete strain E obtained from the 
u 
analysis are also given in Tables 6.1 and 6.2. The analysis assumes a 
limiting value of 0.010, and in most of the beams with compression steel, 
this limit was reached. For m03t of the beams with tension steel only, 
the calculated value of E is 0.003 except for those with very small amount 
u 
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of steel when higher values of E are cclculated. The measured concrete 
u 
strains in Gaston's tests are much smaller than the calculated values of 
E , obviously due to the difficulties in measuring concrete strains, as 
u 
explained in Section 4.2.6. 
Figures 6.1 and 6.2 show plots of load vs. tension steel strains 
(measured and calculated) for four beams. There is good agreement between 
the measured and calculated tension steel strains even though the concrete 
strains considered in the analyses were allowed to reach values considerably 
higher than 0.003. 
6.3. Hajnol-Konyi's Tests (20) 
"Hajnol-Konyi tested reinforced concrete beams under third-point 
loads. These beams were provided with twisted steel having a round-house 
stress-strain curve. The overall depth of the beams was 18 in. The width 
of the top 6-in. depth of the beams was 8 in., but in the remaining l2-in. 
depth, the width decreased to 4 in. at the bottom. The span of the beam 
was 11 ft. Altho~gh the method of analysis explained in Chapter 3 is 
applicable to rectangular cross-sections, it can be used for the beams 
tested by Hajnol-Konyi, because the neutral axis always lies in the top 
rectangular portion. The central 44-in. length of the span of the beam 
having constant moment had no compression reinforcement. Only one bar was 
provided in tension in all the beams of series 1 and 2. 
Although Hajnol-Konyi tested 36 beams in Series 1 and 2, comparisons 
can be made for only four beams for which the stress-strain curves of the 
reinforcing bars have been given in Fig. 7 of Ref. 20. Todeschini's curve (7) 
as shown in Fig. 4.11 was used for the stress-strain relationship of 
concrete. 
Table 6.3 gives the properties and the measured and calculated 
ultimate moments of the beams selected for analysis. The cylinder strength 
of concrete f' was taken e<lual to 82 percent of the cube strength reported 
c 
in Ref. 20. It can be seen from this table that good agreement is obtained 
between the measured and calculated ultimate moments in spite of the 
approximation involved in conversion of cube strengths of concrete to 
cylinder strengths. The ratio of measured to calculated ultimate moments 
ranges between 0.97 and 1.03 with an average of 1.00. 
6.4. Evans's Tests (9,10) 
Evans and Lawson tested axially and eccentrically loaded reinforced 
concrete columns containing square twisted steel (T.S.) which is available 
in the United Kingdom. Typical stress-strain curves of the reinforcing bars 
are shown in Fig. 4.3. For the purpose of comparisons here, only the tests 
of eccentrically loaded columns will be considered, since this will provide 
a good check of the method of analysis explained in Chapter 3. 
The following variables were considered by Evans in the 
eccentrically loaded columns. 
(1) Four values o~ total steel ratio, Pt 0.01, 2.25, 4.00 
and 7.60. 
(2) Three values of eccentricity, e T= 2.5, 7.5 and 12.5. These 
eccentricities correspond to failure at ultimate axial load levels above, 
near and below the balance point, respectively. 
(3) Concrete strength was determined from tests of 6-in. cubes 
and varied from a low value of 2240 psi to a high of 7500 psi. It was 
assumed that the cylinder strength of the concrete fT was e<lual to 82 percent 
c 
of the cube strength.' The coefficient k3 was taken e<lual to 0.85. 
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(4) Yield strength, given as proof stress at a strain of 0.005, 
varied from 63,000 to 69,000 psi. Two typical stress-strain curves up to 
a strain of 0.005 were reported by Evans (9), and one more typical stress-
strain curve of TS steel was reported by Hajnol-Konyi (21). Since the 
method of analysis re~uires the use of a realistic stress-strain curve for 
steel up to large strains, particularly for the columns tested at axial 
load levels below the balance pOint, these curves were extended to strains 
beyond 0.008 by considering the typical stress-strain curves of other steels 
having round-house stress-strain curves. Also, in order to use the actual 
proof stress reported for the steel in each column, the stress-strain curve 
for the reinforcement in each column was modified at all strains so as to 
fit between the bounding typical curves reported in Ref. 9. 
All columns were 10 in. s~uare and had lateral ties spaced at 
8 in. With this spacing of lateral ties, normal unconfined concrete was 
assumed and a stress-strain curve for concrete similar to those shown in 
Fig. 4.11 and proposed by Todeschini (7) was used in the analysis. 
The te~ts were conducted by increasing the load at constant 
eccentricity eT for each column. This eccentricity was increased by the 
deflection of the column. Therefore, the value of the eccentricity e at 
ultimate was taken as the sum of the original value of eccentricity at which 
the load was applied and the measured deflection at ult~ate. 
Table 6.4 gives particulars and comparisons of measured and cal-
culated ultimate loads for 15 of the 35 columns tested by Evans and Lawson. 
These 15 columns were selected at random so that comparisons were made for 
one column for each value of Pt and e. Also, in each series of columns, 
those columns were selected which would cover low, medium and high values 
of concrete strength. The ratios of measured to calculated ultimate load 
vary between 0.91 and 1.08 with an average of 1.02. The calculated values 
of E corresponding to ulttmate capacity, determined according to the three 
u 
criteria explained in Chapter 3, vary from 0.0035 to 0.0095, whereas much 
smaller values of E were measured in the tests. It is believed that this 
u 
is due to the difficulties encountred in the measurement of concrete strain 
as discussed in Section 4.2.6. 
It can be concluded from the comparisons of measured and calculated 
ultimate loads that the method of analysis explained in Chapter 3 predicts 
the ultimate loads reasonably well. 
Todeschini et al tested II-in. square reinforced concrete columns 
provided with high-strength steel meeting the req~irements of ASTM A-615 
Grade 75 steel. Typical stress-strain curves of the reinforcing bars were 
reported, and yield strengths at a strain of 0.005 were given for the bars 
in each column. .Consequently, for the purpose of analysis, the typical 
stress-strain curves given for the reinforcing bars were modified as required 
to get the same shape of curve but with the actual yield strength. The 
stress-strain curve for concrete proposed by Todeschini et al was used with 
the smaller of the two values of ff reported in Ref. 7. Since the effect 
c 
of the stress-strain curve of the steel is enhanced at high values of 
eccentricity of applied load, comparisons of the analytical results are 
made for the columns tested at 3.5 and 5.5-in. eccentricities. The 
eccentricities of 0 and 1.5 in. would not produce the desired effects since 
the ultimate capacity will be reached at low steel and concrete strains. 
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Table 6.5 gives the properties, and the measured and calculated 
ultimate loads for the columns selected for analysis. A good agreement 
is obtained between the analytical and experimental results. The ratio 
of measured to the calculated ultimate load varies between 0.97 and 1.07 
with an average of 1.00. Todeschini's analysis, as discussed in Section 2.2, 
gives values of the same ratio for these columns ranging between 0.89 and 
0.99 with an average of 0.95. 
7. ANALYSES OF REINFORCED CONCRETE SECTIONS LOADED 
IN A SHORT TIME--ASTM GRADE 60 STEEL 
7.1. Introduction 
In this chapter, the 15-in. square reinforced concrete section 
shown in Fig. 3.1 has been analyzed according to the method of analysis 
explained in Chapter 3 to obtain load-moment and load-curvature relation-
ships at ultimate capacity for various levels of ultimate axial load 
including pure moment case. The following variables have been considered 
in the analyses: 
(1) Total steel ratio Pt: Three values of Pt = 0.01, 0.04 and 
0.08 have been considered. The extreme values of Pt are the minimum and 
maximum values permitted in the 1963 ACI Code. One-half of this steel is 
provided in each of the two faces of the section parallel to the axis of 
bending. 
(2) Compressive strength of concrete ft: Three values of 
c 
f' 3000, 4000 and 5000 psi have been used in the analyses. 
c 
Ra tio a, = Pt f / f': For all the analyses in this chapter, 
""'t y c 
the yield s~re~Eth of steel fy has been kept constant and equal to 60 ksi. 
Thus, the \~ris~io~s in ~ have been obtained by varying Pt and f~ as given 
below. 
Pt ff c 
psi 
0.01 5000 0.12 
0.01 3000 0.20 
0.04 5000 0.48 
0.04 4000 0.60 
0.04 3000 0.80 
0.08 5000 0·96 
0.08 3000 1.60 
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The values of ~ = 0.12 and 1.20 are the extreme values that 
could normally be obtained in practice with ASTM Grade 60 steel. 
(4) Cover to reinforcement: In all of the Sections 7.2 through 
7.4, one value of the ratio dllt = 0.20 has been used. However, in order 
to study the effect of the variation of this ratio, two values of dllt = 0.15 
and 0.20 have been used in the analyses in Section 7.5. 
(5) Stress-strain curves for reinforcement: Steels 5, 6, 7 and 8, 
the stress-strain curves of which are shown in Fig. 4.5, have been used for 
the analyses. The bases for selection of these steels are explained in 
Section 4.1.3. All of these steels meet the re~uirements of the ASTM 
specifications and the 1963 ACI Code provisions, and the stress-strain curve 
for steel 7 is to be used for the purpose of design in accordance with the 
1963 ACI Code. 
(6) Stress-strain curve for concrete: Only one stress-strain 
curve for concrete shown in Fig. 4.10 has been used in this chapter. This 
curve was proposed by Todeschini et al (7) and is designated as curve A. 
The basis of sele~tion of this curve is explained in Section 4.2.5. 
(7) Coefficient k3: The value of the coefficient k3 which 
relates the cylinder strength of concrete fl with the strength of concrete 
c 
in the member ftl is taken to be e~ual to 0.85 for all the analyses in this 
c 
chapter. 
The analytical results have been presented in the form of figures 
and tables which are explained in the following sections. These figures 
and tables show comparisons of load-moment and load-curvature relationships 
obtained for steels 5, 6 and 8, according to the method of analysis explained 
in Chapter 3, with those for steel 7 in strict accordance with the provisions 
of the 1963 ACI Code. The ultimate concrete strain E is limited to 0.010 
u 
for steels 5, 6 and 8 (see Section 4.2.6) but to 0.003 for steel 7 in 
accordance with Section 1503 (c) of the 1963 ACI Code. However, in order 
to investigate the effect of varying the limiting value of E
U
' comparisons 
of the analyses have been presented in Section 7.2 for E limited to 0.010 
u 
and 0.003 for steels 5, 7 and 8. 
In order to compare the ultimate moments and ultimate curvatures 
of the section for steels 5, 6 and 8 with those for steel 7, the ordinates 
of the load-moment and load-curvature diagrams have been expressed as the 
ratio P
u
/P07' whereas the abscissas of the load-moment diagrams only have 
been expressed as the ratio Mu/M07' where P
u 
= ultimate axial load for 
steels 5, 6, 7 and 8, P07 = ultimate axial load of the section for zero 
eccentricity with steel 7, M = ultimate moment corresponding to P for any 
u u. 
steel, and M07 = ultimate moment for zero axial load (pure moment)_for 
steel 7. 
7.2. Effect of Stress-Strain Curve of Steel with Variation of Limit on 
Ultimate Concrete Strain 
Figures 7.1 through 7.4 show comparisons of load-moment diagrams 
at ultimate capacity of the section for steels 5, 7 and 8 for three values 
of total steel ratio Pt and three values of concrete strength f~ which give 
three values of the ratio ~ = Pt fy/f~ as shown below: 
0.01 
0.04 
0.08 
ff 
C 
5000 
4000 
3000 
0.12 
0.60 
1.60 
In all these figures, load-moment diagrams are compared for two limiting 
72 
values o~ E = 0.003 in accordance with the 1963 ACI Code, and 0.010 
u 
according to the method of analysis in Chapter 3. 
Figures 7.5, 7·6 and 7.7 show comparisons of load-curvature 
diagrams for steels 5, 7 and 8 for the same values of Pt' f~ and ~ and 
for the same values of EU as for the load-moment diagrams. 
The comparisons that show the effect of the limiting value of 
ultimate concrete strain are explained below for various regions of the 
load-moment diagram for each of the steels 7, 5 and 8. 
7.2.1. Flat-Top Steel 7 
It can be seen from Figs. 7.1 through 7.4 that, for the flat-top 
steel 7, there is practically no difference between the ultimate capacities 
of the section obtained by limiting E to 0.003, and by the maximization of 
u 
moment at a given ultimate axial load level in accordance with the criteria 
explained in Section 3.3, except in that region of the load-moment diagram 
which lies between the balance point and P
u 
= 0.45 P07' In this region, 
greater ult~a~e capacity is obtained by allowing a higher limit on E • 
U 
This is trJ.e f'Cl' all values of ~, and the increase in the ultimate capacity 
for higher :i=i: o~ EU increases as ~ is increased. These effects of EU 
are explai~ei belo~ for various regions of the load-moment diagram. 
(a) Ultima:e axial load levels below the balance point 
At low levels of ultimate axial load (below the balance point), 
the tension steel yields at ultimate capacity, and the tension steel strain 
E2 lies on the flat-plateau of the stress-strain curve for steel 7. The 
compression steel strain E3 depends on the value of the strain in the 
extreme compression fiber E4. Generally E3 lies in the elastic region of 
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the stress-strain curve for the compression steel. The general tendency 
of the effect of increase in the value of E4 is: (a) to increase E2 , 
(b) to increase E3 which increases the compression steel stress and hence 
the force until the compression steel yields, (c) to decrease the depth to 
the neutral axis and increase the lever arm, (d) to increase the curvature 
of the section, and (e) to reduce the value of ~k3 (see Figure 4.12) if E4 
exceeds the value of the strain Em at which ~k3 is maximum. Both (c) and 
(e) reduce the compression force in concrete. The tension force in steel 
stays constant at Astfy' although E2 increases. Therefore, for a given 
value of E4 > Em' the decrease in the concrete force must be compensated 
for by the corresponding increase in the compression force in the compres-
sion steel, as long as the latter has not yielded, so that equulibrium of 
forces is maintained. However, at very high values of E4 the compression 
steel will yield and the compression and tension steel forces will be 
equal in magnitude. Thus, any decrease in the concrete force caused by the 
reduction in the value of ~k3 is compensated for by the increase in the 
depth to the neutral axis so as to increase the area of concrete in 
compression. This results in reduction in the lever arm. of the concrete 
force. In the first case, when the compression steel does not yield, the 
reduction in the concrete force, the lever arm of which is generally greater 
than the distance of the compression steel from the plastic centroid, causes 
more reduction in the moment of the concrete force than the increase in the 
moment of the compression steel force. The moment of the tension steel force 
about the plastic centroid remains constant. There is thus a net reduction 
in the total moment when E4 is increased beyond Em. In the second case, 
when both the tension and compression steels have yielded at high value of E
4
, 
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the forces in these steels and their moments about the plastic centroid 
remain constant. The reduction in the lever arm of the concrete force 
caused by lowering the neutral axis, as explained above, reduces the moment 
of the concrete force. The total moment is thus reduced. Consequently, in 
either case, the increase in E4 reduces the total moment, and the maximum 
moment occurs at E4 < E = 0.004. Since the difference in the moment at 
- m 
E4 = 0.003 and 0.004 is negligible, the limitation of EU to 0.003 has 
practically no effect on the ultimate capacity of the section with flat-top 
steel at ultimate axial load levels below the balance point. 
However, since the curvature of the section increases as E4 is 
increased, considerable reduction in the ultimate curvature of the section 
is obtained when E is limited to 0.003 and the maximum moment occurs at 
u 
E4 = Eu > 0.003· This can be seen in Figs. 7.5, 7.6 and 7.7. It can be 
noticed that, as ~ increases, the limitation of EU to 0.003 causes greater 
decrease in the calculated value of ultimate curvature ~ . 
u 
(b) Ultimate axial load levels Pb < Pu < 0.45 P07 
In this region of load-moment diagram, the compression steel 
generally yields and the compression steel stress and force remain constant 
at f and A f, respectively. The tension steel strain lies in the elastic y sc y 
region of the stress-strain curve. Figure 4.12 shows that ~~ increases 
with increase in E4 up to Em = 0.004. As stated earlier, the increase in E4 
causes increase in both tension and compression steel strains. Therefore, 
the tension steel stress and force increase with increase in E4' until the 
tension steel yields. Since the compression steel force remains constant, 
the concrete force must increase, which is accomplished either by increase 
in the value of klk3' if E4 < 0.004, or by increase in the depth to the 
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neutral axis, if E4 ~ 0.004. In both cases, total tension and total 
compression forces increase until the tension steel yields. But, for 
0.003 < E4 < 0.004, the reduction in the depth to the neutral axis results 
in increase in the lever arm of the concrete force. Thus, there is some 
increase in the moments of the concrete and tension steel forces, and 
hence in the total moment. When E4 exceeds 0.004, the increase in the 
depth to the neutral axis decreases the lever arm, and hence the moment of 
the concrete force about the plastic centroid. Although, there is some 
increase in the total compression and tension forces, the decrease in the 
moment of the concrete force is more than the increase in the moment of 
tension steel force about the plastic centroid, and the total moment decreases 
as E4 increases beyond Em = 0.004. Therefore, the maximum moment occurs at 
0.003 < E4 ~ 0.004, the lower value of E4 is obtained for higher value of 
p
u
/P07• Consequently, in this region of .the load-moment diagrem, the 
ultimate capacity of the section is reduced if E4 is assumed to be equal 
to 0.003. 
However~ if the compression steel does not yield at E4 = 0.003, as 
is true at lower levels of P above the balance point for the section 
u 
analyzed here, any increase in E4 increases E3 and hence the compression 
steel stress and force. Consequentl~ greater increase in ultimate capacity 
is obtained by increasing E4 than when the compression steel yields at 
As explained in (a) above, the curvature of a section is increased 
by increase in E4' Since, for Pb < Pu < 0.45 P07' Eu is greater than 0.003, 
the ult~ate curvature is reduced by the limitation of E to 0.003. This is 
u 
clearly shown in Figs. 7.5 through 7.7. 
(c) Ultimate axial load levels above 0.45 P07 
In this region of the load-moment diagram, the compression steel 
yields, while the tension steel strain E2 is either a very small tensile 
strain or lies in the compressive elastic region. The latter case occurs 
at higher load levels. This has been explained in detail in Section 5.5. 
At higher load levels, a large area of concrete is in compression, and the 
entire section may be in compression. Thus, the compression force in the 
concrete is large. The lever arm of the concrete force is e~ual to d - k2kd. 
As shown in Fig. 4.12, k2 increases as E4 is increased. Since the depth to 
the neutral axis kd is large, k2kd increases considerably even if kd 
decreases slightly with increase in E4 up to Em = 0.004, and thus the lever 
arm is reduced considerably. For 0.003 < E4 S Em' ~k3 increases as E4 is 
increased, and greater compression force is obtained than for E4 S.0.003. 
This disturbs the e~uilibrium of forces, and to restore it the curvature 
must increase so that the neutral axis is raised, which will reduce the area 
of concrete in compression and hence the force in concrete. Also, the 
increase in curvature will increase the tension steel strain if it is in 
tension, which will increase the tension steel force, or it will decrease 
the tension steel strain if it is in compression, which will decrease the 
compression force in tension steel. The compression steel force remains 
constant at A f. When e~uilibrium of forces is reached, this redistribu-
sc y 
tion of forces will result in a small increase in the moment of tension 
steel force, but a larger decrease in the moment of the concrete force about 
the plastic centroid, due mainly to the decrease in the lever arm of the 
concrete force. Thus, there is a net reduction in the total moment for 
0.003 < E4 < 0.004. 
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When E4 > 0.004, ~~ decreases and hence results in reduction 
of the concrete force. Therefore, the depth to the neutral axis kd must 
increase to increase the area of concrete in compression and hence the con-
crete force. This will reduce the strain, stress, and force in the tension 
steel if it is in tension, or will increase the strain, stress, and force 
in the tension steel if it is in compression. The increase in kd coupled 
with the greater value of k2 at higher values of E4 causes a large reduction 
in the lever arm of the concrete force. Conse~uently, when e~uilibrium of 
forces is reached, the moments of the concrete force and the tension steel 
force about the plastic centroid are reduced so much that the total moment 
is reduced with increase in E4. Therefore, the maximum moment at ultimate 
axial load levels higher than 0.45 P07 occurs at E4 = EU S 0.003, and there 
is no effect of limiting E to 0.003 on either the ultimate capacity or on 
u 
the ultimate curvature. 
7.2.2 Steel 5 
It can be seen in Figs. 7.1 through 7.4 that, for steel 5 at 
ultimate axial lOad levels below the balance pOint, there is a considerable 
difference between the ultimate capacities and curvatures of the section 
calculated by maximization of moment, according to the method of analysis 
explained in Chapter 3, and those obtained by limiting E to 0.003 in 
u 
accordance with the 1963 ACI Code. This is true for all values of~. At 
ultimate axial load levels above the balance point, the effect of limiting 
E to 0.003 is the same as for the flat-top steel 7 explained in Section 7.2.1. 
u 
However, if EU is limited to 0.003, the ultimate capacity of the section 
for steel 5 is not different from that for steel 7 even at low levels of 
ultimate axial load below the balance point. This is true for all values 
of ~, except for the very small value of ~ = 0.12 in combination with low 
levels of ultimate axial load. The above conclusions are explained below. 
(a) Ultimate axial load levels below the balance point 
As explained for steel 7, at ultimate axial load levels below the 
balance point, the tension steel strain exceeds the yield value and, for 
steel 5, lies in the strain-hardening region, Thus, the tension steel stress 
and force increase with increase in its strain. The effects of increase 
in E4--as was true for steel 7--are: (1) to increase the tension steel 
strain E2 , (2) to increase the compression steel strain E3 , (3) to decrease 
the depth to the neutral axis kd, and (4) to increase the curvature. Since 
the depth to the neutral axis is already small, the decrease in kd is also 
small, and k2kd is increased only slightly because of the increase in k2 with 
increase in E4" Thus, the lever arm of the concrete force is reduced very 
slightly. The compression force in the concrete is reduced as E4 is increased 
mainly because the value of ~k3 is reduced for E4 > Em. But, since the 
compression steel strain is in the compressive elastic region, the increase 
in E3 caused by the increase in E4 results in an increase in the compression 
steel force which is greater than the reduction in the concrete force. Thus, 
there is a net increase in total compression force to match the increase 
in the tension steel force caused by the increase in E2 ~n the strain-
hardening region. For the flat-top steel 7, the tension steel force stays 
constant at A tf , and the increase in the compression steel force is just 
s y 
enough to compensate for the reduction in the concrete force for E4 > Em' 
Thus, the total tension and total compression forces remain constant. 
Because of the net increase in the total tension and total compression forces 
for steel 5, and because the lever arm of the concrete force is almost 
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constant, there is a net increase in the moments of these forces about the 
plastic centroid, which increase does not occur for steel 7. Conse~uently, 
the moment-strain (M - E4) curves continue to rise as E4 is increased and 
the maximum moment occurs at higher values of E4 at low levels of ultimate 
axial load below the balance point. Also, the maximum moment so obtained 
is considerably greater than that at E4 = 0.003. 
If E4 is limited to 0.003, E2 does not go so much into the strain-
hardening region as it does for higher values of E4. Also, E2 decreases as 
~ is increased; it lies on the flat-plateau for high values of ~, in 
which case the tension steel force is the same as for steel 7, or it goes 
into the lower portion of the strain-hardening region for the small value 
of ~, in which case some increase in the tension steel force is obtained 
as compared to steel 7. For E = 0.003, the tension steel strain is also 
u 
reduced as P is increased from zero to the value at the balanced conditions 
u 
Pb . This has been explained in Section 5.5. Therefore, depending on the 
load level and on the value of ~t' a tension steel stress either equal to 
or greater than fy is obtained. In the former case, the moment is the same 
as for the flat-top steel, whereas in the latter case, the moment is 
greater for steel 5 than for steel 7. 
Table 7.1 gives the ratios of moments and curvature for steel 5 
to those for steel 7, for E = 0.003 and P = 0, for each of the three values 
u u 
of ~ given i~ the table. It can be seen in this table that, for E4 = 0.003, 
the increase in moment obtained by utilizing strain-hardening of steel 5 is 
accompanied by a small decrease in curvature. This is so because of the 
increase in the depth to the neutral axis for steel 5, as explained below. 
When the tension steel strain is in the strain-hardening region 
for a given value of E4, greater tension steel stress and force are obtained 
for steel 5 than for the flat-top steel 7. For equilibrium of forces, this 
increase in tension force must be accompanied by a corresponding increase 
in the total compression force which can be obtained only by increasing 
the depth to the neutral axis kd so as: (1) to increase the area of concrete 
in compression and hence the concrete force, and (2) to increase the compres-
sion steel strain, and thus stress and force, unless the compression steel 
strain is on the flat-plateau. The increase in kd reduces the tension 
steel strain and hence the stress and the "force. Consequently, equilibrium 
of forces for a given value of E4 for a strain-hardening steel is obtained 
at a slightly greater depth to the neutral axis than for the flat-top steel. 
Since the curvature ~ = E4/kd, slightly smaller curvature is obtained for 
steel 5 than for steel 7 when E4 = 0.003, and the strain-hardening region 
of the stress-strain curve is utilized in calculating tension steel stress. 
This occurs at low levels of P
u 
and for small values of ~. 
In view of the above discussion, it can be concluded that, when 
EU is l~ited to 0.003, the effect of strain-hardening of steel 5 is not 
properly utilized. It is only by allowing a higher limit on E that greater 
u 
ultimate capacity and curvature are obtained at ultimate axial load levels 
below the balance point. 
(b) Ultimate axial load levels above the balance point 
In this region of the load-moment diagram, steel 5 behaves the 
same as steel· 7 because steel strains at ultimate capacity are not in the 
strain-hardening region of the stress-strain curve. The tension steel strain 
lies in the elastic tensile or compressive region. The compression steel 
yields but its strain is in the strain-hardening region only at high values 
of E4 > 0.006. For these strains, k2 is high (greater than 0.5), and ~k3 is 
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so small that kd must increase apprecic.bly in order to compensate for the 
reduction in the concrete force caused by the reduction in ~k3' Even if 
the compression steel strain for steel 5 is in the strain-hardening region, 
the compression steel stress increases at such a small rate that it does 
not provide enough increase in the compression force without increasing kd. 
The increase in k2 and kd reduce the lever arm of the concrete force so 
much that the moment of the concrete force about the plastic centroid, and 
hence the total moment are reduced with increase in E4' This is clearly 
shown in the moment-concrete strain diagrams in Figs. 7.22 through 7.24. 
Therefore, the limitation of E to 0.003 for steel 5 has the same effect 
u 
on ultimate capacity and ultimate curvature at ultimate axial load levels 
abuve the balance point as for steel 7. 
7.2.3. Steel 8 
It can be seen in Figs. 7.2 through 7.4'that the ultimate capacity 
of the section for steel 8 is considerably reduced if the ultimate concrete 
strain E is limited to 0.003. This reduction depends on the ultimate axial 
u 
load level as well as on the value of~. The higher the load level, the 
smalle~ if :r.e reduction in ultimate capacity, whereas the greater the value 
of ~ t~~ ~eater is the reduction in ultimate capacity. The load level up 
\., 
to whi::::: :h::: ultimate capacity of the section is reduced by limiting E to 
u 
0.003 in:::re&ses with increase in~. Similarly, Figs. 7.5 through 7.7 show 
that the ultimate curvature of the section is also reduced considerably by 
the limitation of E. The effects of this limitation are discussed below 
u 
for various regions of the load-moment diagram and for various values of ~. 
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(a) Ultimate axial load levels below the balance point 
As was true for steel 5, the moment-strain diagrams shown in 
Figs. 7.l9 through 7.21 show that, for steel 8, the maximum moment of the 
section at ultimate axial load levels below the balance point occurs at 
E4 > 0.003· At p = 0, the moment-strain diagrams continue to rise with u 
increase in E4' This is true for all values of~. If E4 exceeds 
Em = 0.004, the value of ~k3 decreases, which reduces concrete force, 
but k2 increases, which reduces the lever arm of the concrete force. Also, 
the increase in E4 results in increases in curvature, and in the compression 
and tension steel strains. Thus, greater tension and compression steel 
stresses and forces are obtained for steel 8. The reduction in concrete 
force is partly compensated for by increase in the area of concrete in 
compression caused by lowering of the neutral axis, and partly by the increase 
in the compression steel force. At equilibrium of forces, the total com-
pression and total tension forces are increased with increase in E4' The 
moments of the tension and compression steel forces are increased due to 
the increase in tpeir forces, but the moment of the concrete force is 
reduced due to the reduction in both the force and its lever arm. Since the 
increases in the moments of the tension and compression steel forces are 
greater than the decrease in the moment of the concrete force, the total 
moment increases with increase in E4. Consequently, the ultimate capacity 
and curvature of the section are reduced by limiting E to 0.003, 
u 
Figure 7.8 and Table 7.1 give comparisons of the tension and 
compression steel strains for steels 7 and 8, when equilibrium of forces 
occurs at E4 = 0.003. These strains are given for three values of ~ = 0.12, 
0.60 and 1.60. It can be seen that, for the smallest value of ~ = 0.12 
obtained with Pt = 0.01 and f~ = 5000 psi, the tension steel strain is in 
the strain-hardening region for steel 8. Although the tension steel strain 
for steel 7 is greater than that for steel 8, the tension steel force is 
greater for steel 8 than that for steel 7. This increase in the tension 
force is matched by the corresponding increase in the total compression 
force caused by a slight increase in the depth to the neutral axis. This 
reduces the lever arm of the concrete force by a negligible amount. Thus, 
the greater tension and compression forces for steel 8 result in greater 
moment. This is shown in Table 7.1. 
Figure 7.8 shows that, for E4 = 0.003, an increase in the value 
of Clt results in a reduction in the tension steel strain but an increase in 
the compression steel strain. For Pt = 0.04, f! = 4000 and ~ = 0.60, c 
e~uilibrium of forces occurs at such steel strains that the tension and 
compression steel stresses for steel 8 are nearly the same as those for 
steel 7. Therefore, the total moments for these steels are almost the same, 
as given in Table 7.1 and shown in Fig. 7.3. 
How ever, for .~ 1.60, obtained with Pt = 0.08 and f~ = 3000 psi, 
the tension steel strain is further reduced and lies in that region of the 
stress-strain curve for steel 8 which is below that for steel 7. Thus, 
smaller tension steel stress and force are obtained for steel 8 than for 
steel 7, although the tension steel strain for steel 8 is greater than that 
for steel 7. For e~uilibrium of forces, a smaller total compression force 
is obtained for steel 8 than for steel 7. Therefore, the total moment for 
steel 8 is less than that for steel 7. 
It can be concluded from the above discussion that, as ~ is 
increased from a very small value of 0.12 to a very high value of 1.60, the 
ratio of moment for steel 8 to that for steel 7 changes from more than 1.0 
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for the small value to less than 1.0 for the high value of ~ if E4 is 
limited to 0.003 at P = O. The opposite is the case for curvature of the 
u 
section at E4 = 0.003 for both steels. This is explained below: 
Curvature 
It is clear from the above e~uation that, for a given value of E4, curvature 
is proportional to the tension steel strain E2 . Figure 7.8 shows that, for 
a very small value of ~, tension steel strain is in the strain-hardening 
region for steel 8. Thus, when e~uilibrium of forces is obtained for 
steel 7 with E4 = 0.003, let the tension steel strain E2 = E2 ,7' and the 
compression steel strain E3 = E3,7" Then, for steel 8, this same strain 
distribution will give greater tension steel stress and force for steel 8, 
and thus will disturb the e~uilibrium of forces. Therefore, the depth to 
the neutral axis for steel 8 must increase to reduce the tension steel 
strain, stress and force, and at the same time increase the area of concrete 
in compressio~ to increase the concrete force, and also increase the 
compression steel strain to increase the compression steel stress and force. 
Thus, equilibriu= of forces is obtained with tension steel strain for 
steel 8 = E:-: ;:. < €:: 7" Conse~uently, smaller curvature is obtained for 
'-,"'" ~, 
steel 8 thar. ~~r s~eel 7 for the small value of ~ = 0.12. 
For ~he high value of ~ = 1.60, e~uilibrium of forces occurs for 
In steel 7 with tension steel strain E2,7 in the region Ey < E2 ,7 < 0.005. 
this range of strains, the stress-strain curve for steel 8 lies below that 
for steel 7, and a smaller tension steel stress and hence force are obtained 
for steel 8 as compared to steel 7. Thus, e~uilibrium of forces is 
disturbed. To restore it, the neutral axis must rise to increase the tension 
steel strain, stress and force for steel 8, and at the same time reduce 
the concrete and compression steel forces. Consequently, E2 8 > E2 7" 
, , 
This gives greater curvature of the section for steel 8 than for steel 7. 
(b) Ultimate axial load levels above the balance point 
Since steel 8 does not have a well-defined yield point, the 
balance point on the load-moment diagram, as defined in Section 1900(b) of 
the 1963 ACI Code, can be computed only by using an arbitrary value for the 
tension steel strain E2 " However, since in this investigation of the effect 
of the stress-strain curve of steel, comparisons of ultimate capacity for 
steel 8 are made with that for steel 7, the balance point used is that 
computed for steel 7. 
Figures 7.22 through 7.24 show moment-strain diagrams at two 
levels of ultimate axial load above the balance point. It can be· seen 
that, for small values of ~, the maximum moment· occurs at E4 close to 0.003. 
This is also the case for steel 7, although the ultimate moment for steel 7 
is greater than that for steel 8. Figure 7.9 shows that, for E4 = 0.003, 
the tension and compression steel strains for steel 7 lie in the elastic 
region. This is also true for the tension steel strain for steel 8, but 
the compression steel strain lies in that region of the stress-strain curve 
for steel 8 which is below that for steel 7, and a smaller compression steel 
stress is obtained for steel 8 than for steel 7. Thus, the strain distribu-
tion at which equilibrium of forces is reached for steel 7 will give smaller 
compression steel force for steel 8, and equilibrium of forces will be 
disturbed for steel 8. To restore it, the neutral axis must move down to 
increase the area of concrete in compression, which will increase the concrete 
force, and also to increase the compression steel strain, which will increase 
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the compression steel force. This will also reduce the tension steel 
strain and hence the stress and force. Also, the lever arm of the concrete 
force will be reduced. Consequently, when equilibrium of forces is reached 
for steel 8, smaller total tension and compression forces are obtained 
which result in smaller total moment. In order to increase the tension and 
compression steel forces for steel 8 so as to be equal to or greater than 
those for steel 7, steel strains must be increased which can be achieved 
only by increasing E4" Since, the total steel ratio is small and the 
compression steel strains are such that the compression steel stress 
increases at a smaller rate, large increases in strains are requir~d to 
obtain the required forces. This can be obtained by a large increase in E4 
which will result in so much reduction in ~~ and so much increase in k2 
that the concrete force and its lever arm will be reduced very muc~, and 
thus the total moment will be reduced. Therefore, for small values of ~, 
there is little effect of the limitation of E to 0.003. 
u 
For high values of ~, at lower levels of ultimate axial load 
above the balance point, ultimate capacity of the section for steel 8 is 
still less than that for steel 7 for the same reason as for small values 
of ~ explained above, but the maximum value of moment occurs at a greater 
value of E4 than that for small value of~. This value of E4 increases 
with increase in ~, but decreases with increase in ultimate axial load 
level. For higher values of ~, the total steel ratios are so large that 
a small increase in steel strains caused by a small increase in E4 results 
in so much increase in steel forces that they more than compensate for the 
reduction in the concrete force at higher values of E4. However, this is 
accompanied by a reduction in the lever arm of the concrete force which 
reduces the moment of that force. The total moment will continue to 
increase with increase in E4 beyond 0.003 until the reduction in the moment 
of the concrete force is more than the total increase in the moments of the 
compression and tension steel forces. The maximum moment for steel 8 for 
E4 > 0.003 is considerably greater than that for E4 = 0.003. Therefore, 
the limitation of E results in considerable reduction in ultimate 
u 
capacity of the section for steel 8, at lower levels of P above the balance 
u 
point. 
At high levels of ultimate axial load, the entire cross-section 
may be in compression, and the total moment is ~uite small, as is the lever 
arm of the concrete force. Since, any increase in E4 reduces the lever arm 
because of the increase in k2' and also for E4 > Em' since ~~ and hence 
the concrete force are reduced by increasing E4' the reduction in the moment 
of concrete force is ~uite large as compared to the total moment. Further-
more, since the tension steel is in compression at very high levels of 
ultimate axial load, any increase in the compressive strain and hence the 
compressive force in the tension steel caused by the increase in E4 reduces 
the total moment. It is then only the compression steel that can increase 
the total moment. Since, the compression steel strain is in the strain-
hardening region for high values of E4' qits stress and hence its force do 
not increase enough to provide as much increase in the total moment as is 
re~uired to compensate for the reductions in the moment caused by the tension 
steel and concrete forces, except when Pt is very large and f~ is small. 
Therefore, the moment strain curves peak at E4 ~ 0.004. Furthermore, there 
is a very small difference between the moment for E4 = 0.003 and the maximum 
moment at E4 > 0.003. This can be seen in Figs. 7.22 and 7.23. For a very 
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high value of ~ = 1.60, obtained with Pt = 0.08 and f~ = 3000, the compres-
sian steel force is much greater than the concrete force. Thus, it compen-
sates for the reduction in the concrete force at high values of E4' and the 
moment-strain curves continue to rise up to E4 considerably greater than 
0.003. For very high values of E4, the lever arm of the concrete force, 
and hence its moment, are reduced so much that the compression steel can 
not compensate for this reduction, and the moment-strain curve drops. The 
maximum moment is considerably greater than that for E4 = 0.003. 
In view of the above discussion, it can be concluded that, at 
high levels of ultimate axial load for steel 8 there is little effect of 
the limitation of Eu to 0.003 on the ultimate capacity, except for the very 
high value of ~. 
However, since curvature of the section increases with increase 
in E4' there is considerable reduction in ultimate curvature when Eu is 
limited to 0.003 and the maximum moment occurs at E4 = Eu > 0.003, even 
though there is a very small difference between the moment for E4 = 0.003 
and the maximum moment. It can be seen in Fig. 7.7 that for ~ = 1.60 this 
is true at all levels of P above the balance point. 
u 
7.3. Effect of Stress-Strain Curve of Steel with Variation of Total Steel 
Ratio 
In this section, the results of analyses of the 15-in. square 
reinforced concrete section are presented and discussed for the variables 
given in Section 7.1 in order to study the effects of the stress-strain 
curves for steels 5, 6 and 8, in comparison with steel 7, for various values 
of total steel ratio Pt. Since concrete strength could modifY the effects, 
two values of f~ = 3000 and 5000 psi have been used for Pt = 0.01 and 0.08, 
whereas three values of ff = 3000, 4000 and 5000 psi have been used for 
c 
Pt = 0.04. Only one value of dl/t = 0.20 has been used in the analyses 
in this section. 
The load-moment and load-curvature diagrams of the section for 
steels 5, 6 and 8, obtained according to the method of analysis explained 
in Chapter 3, have been compared with the corresponding diagrams obtained 
in accordance with the assumptions in Section l503 of the 1963 ACI Code; 
i.e., for steel 7 with ultimate concrete strain E limited to 0.003. Such 
u 
comparisons make it possible to study the effects of realistic assumptions 
for the properties of materials in relation to those assumed in Sections 
l503 (c) and (d) of the Code. These effects are discussed and explained 
below for each of the three values of Pt considered in the analyses. 
7.3.l. Low Value of Total Steel Ratio 
Section 913 of the 1963 ACI Code permit's the use of a total steel 
ratio Pt as low as O.Ol. Therefore, Pt = O.Ol was chosen to study the 
effects of the stress-strain curve of steel with small values of Pt' This 
steel ratio makes the reinforced concrete section very much under-reinforced. 
Since the tension and compression steel forces are small, concrete plays a 
greater role in providing ultimate capacity of the section. 
As explained in Chapter 5, the tension steel yields at ultimate 
axial load levels below the balance points, i.e. when the axial load is 
small and the bending moment is large. For equilibrium of forces, a small 
total compression force is required to match the small tension steel force, 
and thus a very small area of concrete is required to resist compression, 
or a very small depth to the neutral axis is obtained. This gives a large 
strain in the tension steel and a large curvature of the section. Also, the 
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compression steel strain is small, and depending on the value of the ratio 
d'/t, the compression steel may even be in tension. 
If the actual stress-strain curve of steel, including the strain-
hardening region, is considered in the analysis, the tension steel strain 
will be in the strain-hardening region, and greater tension steel stress 
and hence force will be obtained than when strain-hardening of steel is 
neglected. The increase in the tension steel stress depends on the shape 
of the stress-strain curve in the strain-hardening region, and on the strain 
at which strain-hardening begins. It can be seen in Fig. 4.5 that, for a 
given yield stress, that steel for which strain-hardening begins at the 
smallest strain will give the greatest stress corresponding to a given 
strain in the strain-hardening region. Since the compression steel strain 
and stress are very small, the greater tension steel force can eas~ly be 
matched by greater compression steel force obtained by increasing slightly 
the depth to the neutral axis with a slight change in the distribution of 
strains. Thus, greater total tension and total compression forces are 
obtained for the.early strain-hardening steel. Since the lever arm is little 
affected when the total steel ratio is small, greater total moment of the 
tension and compression forces is obtained for the early strain-hardening 
steel. This can be seen in the moment-strain curves in Fig. 7.19 for 
Pu = O. This figure shows that, even for E4 = 0.003, the calculated ultimate 
moment of the section for steel 5--the early strain-hardening steel--is the 
maximum, whereas it is the minimum for the flat-top steel 7. The moment-
strain diagrams for steels 6 and 8 lie between those for steels 5 and 7 as 
do their stress-strain curves. 
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The tension steel force can "be increased if the strain-hardening 
re'gion of the stress-strain curve is considered in the analysis, and to 
match this increased tension steel force the total compression force must 
also increase. This re~uires that the depth to the neutral axis and/or the 
compression steel strain must increase. Figure 5.5 shows that this can be 
achieved only by increasing E4' The method of analysis explained in 
Chapter 3 assumes a higher limit on the ultimate concrete strain Ethan 
u 
the ACI Code permits, and thus properly utilizes the strain-hardening region 
of the stress-strain curve. Conse~uently, greater ultimate moment is 
obtained for steels 5, 6 and 8 as compared to that for steel 7 at low levels 
of ultimate axial load. 
The load-moment diagrams in Fig. 7.10 and 7.11 show that there is 
a considerable difference between the ultimate moments of the section for 
steels 5, 6 and 8 and that for steel 7 for P = 0 (pure moment). Table 7.4 
u ' 
shows that as much as 31 percent increase in the ultimate moment is cal-
culated for steel 5 as compared to steel 7 for both values of ff = 3000 and 
c 
5000 psi. The small differences between the ultimate moments for steels 5, 
6 and 8, as given in Table 7.2, are due mainly to the small differences in 
the tension steel stresses "at ultimate capacity, as shown in Fig. 7.25. 
Figure 7.15 shows a large increase in the curvature of the section 
for steels 5, 6 and 8, at ultimate axial load levels below the balance point, 
if strain-hardening of these steels is considered and E as high as 0.010 
u 
is permitted in the analysis. It can be noticed in Fig. 7.15 and Table 7.4 
that, for P
u 
= 0, there is more than 150 percent increase in the ultimate 
curvature of the section with steels 5, 6 and 8 for fT = 5000 psi and more 
c 
than 170 percent increase for fT = 3000 psi. This increase in ultimate 
c 
curvature occurs because of the following: 
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Curvature cp = E4/kd 
Since k = E4/(E4 + E2 ) 
cp = (E 4 + E2 ) / d 
The moment-strain (M - E4) diagrams in Fig. 7.19 show that M increases with 
increase in E4' and the ultimate moment for steels 5, 6 and 8 at Pu = 0 is 
taken at E4 E = 0.010. It has been explained in Chapter 5 that the 
u 
tension steel strain E2 increases as E4 is increased. For steel 7, 
E4 = EU = 0.003· Therefore, E2 for steel 7 is considerably smaller than 
for steels 5, 6 and 8. This is shown in Fig. 7.25. Thus, for steels 5, 
6 and 8, both E4 and E2 are considerably greater than for steel 7, and 
larger curvatures are obtained for steels 5, 6 and 8. 
Similarly, if the ultimate moments for steels 5, 6 and 8 at other 
levels of P
u
' occur at E4 = EU > 0.003, greater ultimate curvatures will be 
obtained for these steels than for steel 7 for which E < 0.003. 
u-
As explained in Section 5.5 and shown in Fig. 5.7, the tension 
steel strain decreases as the ultimate axial load increases. When the axial 
load is close to the value at balanced conditions, the tension and compres-
sion steel strains are close to the yield value for steel 7. In this region 
of the stress-strain curve, steels 5, 6 and 7 are all alike, and the same 
tension and compression steel stresses are obtained for steels 5 and 6 as 
for steel 7. Consequently, the same moment is calculated for steels 5, 6 
and 7 at E4 =-0.003· The M - E4 diagrams in Fig. 7.22 show that the maximum 
moment for ultimate axial load close to the balance point occurs at E4 very 
close to 0.003. Why the maximum moment at high levels of ultimate axial 
load does not occur at large value of E4 is explained in Section 5.2. 
Figure 7.22 shows that the difference between the moments calculated for 
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E4 = 0.003 and the maximum moment is very small. This small difference 
due to the limiting value of E is shown in the small region of the load-
u 
moment diagram near the balance point. 
For steel 8, the tension and compression steel strains at ultimate 
axial load levels near the balance point for steel 7 lie in that region of 
the stress-strain curve which is below that for steel 7, and smaller tension 
and compression steel stresses and forces, and hence smaller moments, are 
obtained for steel 8 than for steel 7. But, since the percentage of re-
inforcement is small, the reduction in ultimate moment is also small. A part 
of this reduction in ultimate moment for steel 8 is compensated for by using 
the maximum moment from the moment-strain diagram as the ultimate moment 
which occurs at E4 = EU > 0.003 as compared to E4 = 0.003 for steel 7. 
At ultimate axial load levels between Pb and 0.45 P07,the 
difference between the ultimate moment.for steels 5 and 6 and that for 
steel 7 occurs because of the limitation of E to 0.003 for steel 7. This 
u 
has been explained in Sections 7.2.1 and 7.2.2. The tension and compression 
steel s~rains corresponding to the maximum moment lie in that region of the 
stress-s:~~in curve which is the same for all of the steels 5, 6 and 7. 
There:'2:;e, "''"' difference in the ultimate moment for these steels is obtained 
beca:.;.se ~+~ the shapes of their stress-strain curves. 
~t ultimate axial load levels higher than 0.45 P07' the maximum 
moment occ~rs at E4 S 0.003 for all of the steels 5, 6 and 7, and the 
tension and compression steel strains are less than 0.003, up to which 
strain all of these steels have the stress-strain curve. Therefore, the 
same stresses and forces, and hence the same moments, are obtained for steels 
5, 6 and 7. 
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The stress-strain curve for steel 8 lies below that for steels 5, 
6 and 7 between the strains 0.00145 and 0.00500. At all levels of ultimate 
axial load above the balance point, including the case of zero eccentricity, 
the compression steel strains lie in this region of the stress-strain 
curve, whereas the tension steel strain varies from 0.0025 tensile to 
0.0020 compressive. Therefore, in comparison with steels 5, 6 and 7, smaller 
compression steel stresses and forces are obtained for steel 8 at all levels 
of ultimate axial load above the balance point, and also smaller tension 
steel forces are obtained at very high levels of ultimate axial load. Since, 
in this region of the load-moment diagram, the compression steel plays a 
greater role in providing the ultimate capacity, the smaller tension and/or 
compression steel forces result in smaller ultimate moment for steel 8 than 
for any of the steels 5, 6 and 7. But, since the percentage of reinforcement 
is small, the reduction in steel forces and hence in the ultimate moment is 
small. This can be seen in Figs. 7.10 and 7.11. 
Figures 7.10 and 7.11 show that the reduction in ultimate capacity 
for steel 8 is greater with f' = 3000 psi than with f' = 5000 psi. This is 
c c 
so because, a t ultimate axial load levels above the balance point, a large 
area of concrete is in compression, and hence a large concrete force is 
obtained. Since, for greater f', the ratio of the compression steel force 
c 
to the concrete force is smaller than for smaller f', the reduction in 
c 
compression steel force as compared to the total compression force is smaller 
for the greater f'. Consequently, the reduction in the ultimate capacity 
c 
is smaller for f' = 5000 psi than for f' = 3000. 
c c 
As explained in Section 5.5, the tension steel strain E2 decreases 
for any steel as the ultimate axial load P increases, and for steels 5, 6 
u 
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and 8, E also decreases with increase in P Thus the ultimate curvature 
u u 
of the section decreases with increase in P But, the reductions in both 
u 
E and E2 for steels 5, 6 and 8 result in greater reductions 
u 
curvatures for these steels than for steel 7, for which E 
u 
in ultimate 
0.003 and only 
E2 decreases. When the maximum moment occurs at E4 :: 0.003 for steels 5, 
6 and 8) at high levels of P , practically the same curvature is obtained 
u 
for all of the steels 5, 6, 7 and 8. This can be seen in Fig. 7.15. 
7.3.2. Intermediate Value of Total Steel Ratio 
Figures 7.12 and 7.13 show comparisons of load-moment diagrams for 
steels 5, 6, 7 and 8 with Pt = 0.04 and three values of f~ = 3000, 4000 and 
5000 psi. As for Pt = 0.01, the load-moment diagrams for steel 7 were 
obtained with E limited to 0.003, in accordance with the 1963 ACI Code. 
u 
Similarly, the load -curvature diagrams are shown in Figs. 7.15 and 7.16. 
The moment-strain diagrams for these steels, at three levels of ultimate 
axial load, are shown in Figs. 7.20 and 7.23. 
(a) Ultimate a4ial load levels below the balance point 
As was true in the case of Pt = 0.01, at ultimate axial load levels 
below the balance point, the method of analysis in Chapter 3 predicts con-
sideraoly greater ultimate capacity of the section for steels 5, 6 and 8 
with Pt = 0.04, as compared to that for steel 7 in accordance with the ACI 
Code. Table 7.4 shows as much as 34 percent increase in the ultimate moment 
at Pu = 0 for steel 5 with EU limited to 0.010. The ultimate moments for 
steels 6 and 8 are intermediate between those for steels 5 and 7. This 
increase in ultimate moment decreases with increase in P until at the 
u 
balanced conditions there is a very small difference between the ultimate 
capacities for these steels. Steel 8 gives slightly smaller ultimate 
capacity, whereas steels 5 and 6 give slightly greater capacity than steel 7 
at the balanced conditions. The reason for the greater ultimate capacity for 
steels 5,6 and 8 is the same as explained for Pt = 0.010, in Section 7.3.1, 
namely; greater thension and compression steel strains obtained with greater 
values o~ E4 = EU for steels 5, 6 and 8 result in greater steel stresses 
and forces which in turn result in greater ultimate moments for these steels. 
However, the increases in ultimate capacities for steels 5, 6 and 8 with 
Pt = 0.04 are slightly different fram those with Pt = 0.01. The reasons 
for these differences with different values of Pt are similar to those 
explained in Section 7.4 "for variation of the ratio~. Figures 7.16 and 
7.17 show that, as was true for Pt = 0.01, large curvatures of the section 
are obtained for steels 5, 6 and 8 as compared to those for steel 7, at 
ultimate axial loads below the balance point. This is due to the greater 
value of E for steels 5, 6 and 8 than for steel 7 for which E 
u u 
Comparison of Figs. 7.25 and 7.26 shows that the tension steel strains E2 
for all of the steels are smaller with Pt = 0.04 than with Pt = 0.01. Also, 
for P
u 
= 0, _~ = C.010 for steels 5, 6 and 8 but 0.003 for steel 7, with 
both values c: p.. Thus, the smaller values of E2 result in smaller values 
of ultimate c:.::r:::.:ures with Pt = 0.04. This is shown in Tables 7.2 and 7.3. 
However, the rat~cs of ultimate curvature for steels 5, 6 and 8 to that for 
steel 7 are greater for Pt = 0.04 than for P t = 0.01. This is so because, 
although the curvature decreases with increase in Pt for all of the steels, 
greater decrease in ultimate curvature is obtained for steel 7 than for 
steels 5, 6 and 8,and thus the ratios of ultimate curvature increases with 
increase in Pt. 
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(b) Ultimate axial load levels above the balance point 
In this region of the load-moment diagram, the same ultimate 
ca~acity is obtained for steels 5 and 6, as was true for Pt = 0.01, because 
the maximum moment occurs at such a value of E4 that the tension and com-
pression steel strains do not exceed 0.003 up to which strain steels 5 and 
6 have the same stress-strain relationships. But, although steel 7 also 
has the same stress-strain relationship up to the strain 0.003, limitation 
of E to 0.003 results in smaller ultimate capacity for steel 7, as explained 
u 
in Section 7.2. The maximum increase of 8 percent in ultimate capacity is 
obtained for steels 5 and 6 at ultimate axial load level slightly higher 
than the balance point. This increase in ultimate capacity decreases as P 
u 
increases until at P
u 
::: 0.45 P07' the same ultimate capacity is obtained 
for steels 5, 6 and 7. This increase in ultimate capacity for steels 5 
and 6 also occurs for Pt = 0.01 but is very small due to the very small area 
of reinforcement. 
The ultimate capacity of the section for steel 8 is considerably 
smaller than that for steels 5, 6 and 7 at all levels of ultimate axial 
load above the balance point. This is due to the effect of that portion of 
the stress-strain curve for steel 8 which lies below those for steels 5, 
6 and 7 near the yield point. This is explained in detail in Section 7.3.1 
for Pt = 0.01. However, since greater reduction in compression and/or 
tension steel forces occurs for Pt = 0.04 than for Pt = 0.01, greater 
reduction in ultimate capacity is obtained for Pt = 0.04. This can be seen 
by comparing Figs. 7.10 and 7.11 with Figs. 7.12 and 7.13, respectively. 
The reduction in ultimate capacity for steel 8 in comparison with steels 5 
and 6 varies from 5 to 10 percent, the maximum reduction being at ultimate 
axial load close to the balance point where both the tension and compression 
steel strains for steel 8 lie in that region of the stress-strain curve 
which is below those for steels 5 and 6. 
The moment-strain curves of Fig. 7.23 show that the maximum 
moment occurs at E4 = EU > 0.003 for ultimate axial load levels up to about 
0.45 P07' Conse~uently, as explained for Pt = 0.01, greater ultimate curva-
tures are calculated for steel 5, 6 and 8 than for steel 7 for which 
E4 = EU = 0.003· This can be seen in Figs. 7.15 and 7.17. However, for 
steel 8, the maximum moment occurs at a greater value of E4 than for 
steels 5 and 6. which results in greater ultimate curvature ~ for steel 8. 
~ ·U 
But this increase in ~u is accompanied by same reduction in ultimate capacity 
for steel 8, as explained above. 
7.3.3. High Value of Total Steel Ratio 
The ACI Code permits the use of Pt = 0.08 as the maximum steel 
ratio that can be provided in a reinforced concrete column section. Therefore 
Pt = 0.08 was chosen for analyses in this section. Figures 7.14 shows com-
parisons of load-moment diagrams for steels 5, 6, 7 and 8 for two values of 
f~ = 3000 and 5000 psi. As for Pt 0.01 and 0.04, E was limited to 0.003 
u 
for steel 7. Similarly, Fig. 7.18 shows the load-curvature diagrams for 
these steels. The moment-strain diagrams for all of these steels are shown 
in Fig. 7.21 for P = 0, and in Figs. 7.24 for two levels of ultimate axial 
u 
load above the balance point. One of these levels is slightly above while 
the other considerably above the balance point. 
(a) Ultimate axial load levels below the balance point 
As was true for Pt = 0.01 and 0.04, at ultimate axial load levels 
below the balance point, considerably greater ultimate moments are calculated 
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for steels 5, 6 and 8, according to the method of analysis in Chapter 3, 
than for steel 7 in accordance with the 1963 ACI Code. The reason for this 
is the same as explained in Section 7.3.1 for Pt = 0.01. This increase in 
ultimate capacity for steels 5, 6 and 8 decreases with increase in P . 
u 
Table 7.4 shows that the increases in ultimate moment for steels 
5, 6 and 8 as compg.red to that for steel 7 are smaller for Pt = 0.08 than 
for Pt = 0.04 and 0.01. This is due partly to the smaller tension steel 
stresses for Pt = 0.8, as can be seen by comparing Figs. 7.24, 7.25 and 7.26, 
and J;Ertly dU,e to the effect of compression steel which does not provide 
enough compression force to compensate for the reduction in the concrete 
force, and to match the increased tension force, because the compression 
steel strains are either on the flat-plateau or in the lower portion of the 
strain-hardening region for Pt = 0.08. This effect of the compression steel 
is explained in detail in Section 7.4.2. Also, since the tension steel 
strains are smaller for Pt = 0.08 than for Pt = 0.01 and 0.04, smaller 
ultimate curvatures are obtained for all of the steels 5, 6, 7 and 8 for 
Pt = 0.08. But) since the decrease in ultimate curvature for steel 7 is 
greater than that for steels 5, 6 or 8, the ratios of ultimate curvatures 
for steels 5, 6 and 8 to that for steel 7 are greater for Pt = 0.08 than 
for Pt = 0.04 and 0.01. 
(b) Ultimate axial load levels above the balance point 
At high levels of ultimate axial load above the balance point, 
when the maximum moment occurs at Eu S 0.003, the same ultimate capacity 
is obtained for steels 5, 6 and 7, as has been explained for Pt = 0.01 and 
0.04. However, for steel 8 smaller ultimate capacity but greater ultimate 
curvature are obtained than for any of the steels 5, 6 and 7. The reason 
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for this is the same as explained for Pt = 0.01 and 0.04. Comparison of 
Figs. 7.12, 7.13 and 7.14 shows that, while greater reduction in ultimate 
capacity for steel 8 is obtained with Pt = 0.04 than with Pt = 0.01, no 
more reduction is obtained with Pt = 0.08 than with Pt = 0.04. Also, there 
is considerably greater increase in ultimate curvature with Pt = 0.08 than 
with Pt = 0.04. This is explained below: 
It can be seen from the moment-strain diagrams in Figs. 7.23 and 
7.24 that the maximum moment for steel 8, at ultimate axial load levels 
above the balance point, occurs at a considerably greater value of E4 = Eu 
with Pt = 0.08 than with Pt = 0.04 whereas this is not true for steels 5, 
6 and 7. Also, the peak value of the moment for steel 8 with Pt = 0.08 
and a given f~ is greater than the moment at that value of E4 at which the 
maximum moment occurs for steels 5, 6 and 7. Thus, a part of the reduction 
in ultimate capacity for steel 8 with Pt = 0.08 is compensated for by the 
higher value of EU than that obtained with Pt = 0.04, and no more reduction 
in ultimate capacity for steel 8 in comparison with that for steel 7 is 
obtained with Pt = 0.08 than with Pt = 0.04. 
As has been explained in Chapter 5, curvature of the section 
increases with increase in E4" Therefore, the greater value of E for 
u 
steel 8 with Pt = 0.08 results in greater ultimate curvature than with 
Pt = 0.04. 
7·4. Effect of Stress-Strain Curve of Steel with Variation of Cl. = ptf 1ft t y C 
In this section, the results of analyses of the 15-in. s~uare 
reinforced concrete section presented in Sections 7.2 and 7.3 will be 
discussed in such a manner as to show the effects of the characteristics 
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of the stress-strain curves as a function of the variation of the value 
of the ratio qt = Ptfy/f~. Seven values of ~ were obtained by using 
various values of Pt and f~. These values of ~ are given in Section 7.1. 
The yield strength of all steels was 60 ksi, and one-half of the total 
steel was provided in each face. 
When qt is varied by varying either f~ or Pt or both, the distribu-
tion of the total compression force between the compression steel and concrete 
is varied. With increase in qt' the compression steel plays a greater role 
in resisting the applied external forces. The general effect of the compres-
sion steel with variation of qt is explained in Section 7.4.1. In Sections 
7.4.2, 7.4.3 and 7.4.4 the effects of the stress-strain curve of the re-
inforcement with variation of qt is explained for steels 5, 6 and 8, 
respectively, in comparison with steel 7. 
7.4.1. Effect of Compression Steel 
In this section, a general discussion will be presented to explain 
the effect of the compression steel in a reinforced concrete section when 
the value of ~'is increased by decreasing the value of f~ with constant 
values of Pt and fy or by increasing Pt with constant values of f~ and fy ' 
The conclusions so derived will be used to explain the effect of varying qt 
in Sections 7.4.2, 7.4.3 and 7.4.4. 
(a) Variation of ~ by varying f~ only 
When qt is increased by decreasing f~ for given values of Pt and 
f , the compression force in the concrete is reduced which reduces the total y 
compression force. For a given value of E4, the total compression force can 
be increased to obtain equilibrium of forces by increasing the depth to the 
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neutral axis, which inc!':~ases the area of concrete in compression and also 
the strain and hence the stress and force in the compression steel. The 
compression steel stress can be increased only if the compression steel 
strains are in such a region of the stress-strain curve that the stress 
increases with an increase in strain. But, if the stress-strain curve of 
the compression steel has a flat plateau and the compression steel strains 
lie on ity no increase in compression steel stress and hence in its force 
will be obtained. In this case, the depth to the neutral axis must increase 
appreciably to bring enough area of concrete in compression to compensate 
for the reduction in the concrete force due to the reduction in f'" The 
c 
other effects of the increase in the depth to the neutral axis are to 
decrease the tension steel strain and the lever arm of the concrete force. 
Therefore, if the tension steel strains are not on the flat-plateau, the 
tension steel stress and hence the tension steel force will decrease as the 
depth to the neutral axis is increased for a given value of E4" The decrease 
in the lever arm caused by the increase in the depth to the neutral axis 
reduces the moment of the concrete force. 
For steel 7 which has a flat-top stress-strain curve, and with 
E limited to 0.003, the tension steel strains are on the flat plateau 
u 
while the compression steel strains are in the elastic region at ultimate 
axial load levels below the balance point for all values of qt' as shown 
in Table 7.2. Thus, for a given value of Pt' the tension steel stress is 
e~ual to f , and the total tension steel force A tf , for any reasonable y s y 
value of fT. Therefore, the total compression force will also be the same 
c 
for both values of f'. For the greater value of f', the depth to the neutral 
c c 
axis is smaller, and thus the compression steel strain, stress and force are 
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smaller than the corresponding quanti~ies for the smaller value of f! . 
c 
But, the compression force in the concrete and its lever arm are greater 
for the greater value of f' than for the smaller. The resulting total 
c 
moment of these forces will depend on the relative lever arms of the concrete 
and compression steel forces. If the lever arm of the concrete force is 
longer, as is the case for the reinforced concrete section analyzed here 
and as shown in Table 7.2 for all values of ~, the greater f~ will result 
in some reduction in the moment of the compression steel force but in a 
greater increase in the moment of the concrete force. Consequently, the 
total moment will be greater for the greater f~ with a given value of Pt' 
It is shown in Table 7.2 that, at P = 0, for each of the three values of 
u 
Pt = 0.01, 0.04 and 0.08, there is some reduction in the total moment as 
f~ is reduced. However, as Pt increases, the compression steel force is 
increased, and the ratio of the concret~ force to the compression steel 
force or to the total compression force is reduced. Consequently, the effect 
of variation of f~ as explained above, is also reduced. With Pt 0.01, the 
increase in the.~otal moment obtained by increasing f! from 3000 to 5000 psi 
c 
is 10 percent, whereas the corresponding increases with Pt = 0.04 and 0.08 
are only 5 and 2 percent respectively. 
For strain-hardening steels 5, 6 and 8, with E = 0.010, as is 
u 
the case at P = 0, and as shown in Table 7.2, the tension steel strains 
u 
are in the strain-hardening region at all values of qt' It has been 
explained in Section 5.4 that the compression steel strain increases as E4 
is increased. Therefore, in comparison with steel 7 for which E = 0.003, 
u 
greater compression steel strains are obtained for steels 5, 6 and 8. Also, 
as Pt increases, the depth to the neutral axis is increased, and thus the 
compression steel strains are further increased. Consequently, for steels 5, 
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6 and 8 it is only at low values of ~ that the compression steel strains 
are in the elastic region and thus the compression steel compensates for a 
part of the reduction in the concrete force as fr is decreased. Table 7.2 
c 
shows the following: 
(1) For steel 5, the compression steel strains are in the 
elastic region for ~ S 0.60, on the flat plateau for 0.60 < ~ < 0.80, and 
in the lower portion of the strain-hardening region for ~ > 0.80. 
(2) For steel 6, the compression steel strains are in the elastic 
region for ~ S 0.80, and on the flat plateau for ~ > 0.80. 
(3) For steel 8, the limiting value of ~ up to which the com-
pression steel strains are in the elastic region is in between 0.20 and 
0.48, and beyond this limit they lie in that portion of the stress-strain 
curve for steel 8 which is below that for steel 7 and in which the stress 
increases with strain at a smaller rate than when the strains are in the 
elastic region. 
In view of the above, the extent to which the compression steel 
compensates for the reduction in the concrete force as fT is reduced depends 
c 
on the value of~. For high values of ~, the compression steel provides 
very little or no additional force when f~ is reduced and Pt is kept constant. 
In this case the increased area of concrete in compression provides for all 
or a major portion of the reduction in the concrete force. Conse~uently, 
there is a greater increase in the depth to the neutral axis, and thus a 
greater decrease in the lever arm of the concrete force, which causes a 
greater reduction in the moment of the concrete force. However J when the 
tension steel strain is in the strain-hardening region, the increase in the 
depth to the neutral axis reduces the tension steel stress and its force. 
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Therefore, for equilibrium of forces, when the depth to the neutral axis 
increases for the smaller f' to increase the compression steel force and/or 
c 
the concrete force, there is some decrease in the tension steel force, and 
equilibrium of forces is obtained with slightly reduced total tension and 
compression forces for the case of the smaller f', and with a smaller 
c 
increase in the depth to the neutral axis and thus a smaller decrease in 
the lever arm of the concrete force. These factors have opposing effects. 
Smaller total tension and compression forces cause a greater reduction in 
the total moment, but the smaller reduction in the lever arm causes a 
smaller reduction in the moment of the concrete force. 
When the compression steel compensates for a part of the reduction 
in the concrete force, and the tension steel is in the strain-hardening 
region so that its force is reduced when the depth to the neutral axis is 
increased, equilibrium of forces will be obtained with a very small increase 
in the depth to the neutral axis, and thus with a very small decrease in the 
lever arm of the concrete force. This results in a smaller reduction in 
the total ~orr.-:::-.--:' \-,'ith reduced f' than when the tension steel has a flat-
c 
top stress-~:.:;;:.::':--. curve. Consequently, when q~ is increased by decreasing 
v 
f' only, :~~ ~~:::.: of the ultimate moment for a strain-hardening steel to 
c 
that foy c ::~:-:c; steel will increase slightly or remain the same. 
\-."he:. :~.-::: compression steel force remains constant or increases 
very little fo~ tigher values of ~; that is, it does not provide enough 
additional force to compensate for a part of the reduction in the concrete 
force, a greater increase in the depth to the neutral- axis is required, 
which further reduces the lever arm and hence the moment of the concrete 
force. With the reduced tension steel force because of the strain-hardening 
steel, there is a greater reduction in the total moment for a strain-hardening 
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steel than for a flat-top steel for which the compression steel is always 
in the elastic region and thus provides for an additional force to com-
pensate for a part of the reduction in the concrete force. Consequently, 
the ratio of the ultimate moment for a strain-hardening steel to that for 
a flat-top steel decreases with decrease in fl. As will be explained in 
c 
Sections 7.4.2, 7·4.3 and" 7·4.4, this occurs at high values of ~ and Pt' 
(b) Variation of ~ by varying Pt only 
When ~ is increased by increasing Pt with constant values of f~ 
and f , the tension steel force can increase in about the same proportion y 
as the area of the tension steel. Therefore, the total compression force 
must also increase as much in order that equilibrium of forces is obtained. 
Since fl is constant, the compression force in the concrete can increase 
c 
only by increasing the depth to the neutral axis so as to increase the area 
of concrete in compression. This increases the compression steel strain, 
but decreases the tension steel strain. Hence, if the compression steel 
strains are in the elastic region, the compression steel stress will increase, 
B.nd thus the compression steel force will increase faster because its area 
has also been increased due to the increase in Pt' Also, if the tension 
steel strains are not on the flat plateau, the decrease in the tension steel 
strain caused by the increase in the depth to the neutr~l axis will reduce 
the tension steel stress, and hence the tension steel force will not increase 
in proportion to the increase in the area of the tension steel. 
For the flat-top steel 7, the tension steel strains are on the 
flat plateau whereas the compression steel strains are in the elastic region, 
at ultimate axial load levels below the balance point, for all values of ~ 
and with Eu = 0.003. Thus, the tension steel stress is equal to fy for all 
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the values of ~ considered here, and the increase in Pt increases the 
tension steel force in the same proportion as the area of the tension 
steel. Therefore, for e~uilibrium of forces, the total compression force 
also increases in the same proportion as Pt. But, as explained above, the 
increase in the depth to the neutral axis increases the strain and hence 
the stress in··- the compression steel, which takes a greater share of the 
total compression force in comparison with the increase in Pt. Conse~uently, 
the depth to the neutral axis is not increased as much and the concrete 
force does not increase in the same proportion as the tension or compression 
steel forces. Thus, the lever arm of the concrete force is only slightly 
reduced, and the total moment does not increase in the same proportion as 
the value of Pt. But, since the compression steel is able to provide for 
a greater portion of the increase in the total compression force, the 
proportionate reduction in the total moment, which occurs because of the 
rearrangement of the compression forces and their lever arms, is not as 
much as would be obtained in a sipgly reinforced concrete section. 
For the strain-hardening steels 5, 6 and 8, the tension steel 
strains are in the strain-hardening region at lower levels of ultimate axial 
load and for all values of~. As explained above, for the case of variation 
of ~ by varying f~ only, the compression steel strains for steels 5, 6 and 
8 are greater than those for steel 7. Furthermore, the compression steel 
strains in~rease as ~ is increased. 
For low values of Pt and ~, the compression steel strains are 
in the elastic region, and thus the compression steel is able to provide a 
greater share of the increase in the total compression force with increase 
in Pt as does steel 7. Therefore, for strain-hardening steels, the pro-
portionate increase in the total moment is about the same as that with 
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steel 7 or only slightly increased. This is true as long as the increase 
in Pt and ~ does not push the compression steel strains into the flat 
plateau for steels 5 and 6, or into that portion of the stress-strain curve 
for steel 8 which lies below that of steel 7, and in which the stress 
increases with strain at a smaller rate. This occurs at those high values 
of ~ which have been discussed previously for the case of variation of ~ 
by varying f' only. When the compression steel strains are on the flat 
c 
plateau for steels 5 and 6, the compression steel stress is limited to f!. 
Y 
Thus, the compression steel does not provide as much increase in its share 
of the total compression force with increase in pt as does steel 7. The 
increase in the depth to the neutral axis decreases the tension steel strain, 
and hence the stress and the force. This results in a smaller increase in 
the total tension and total compression forces in proportion to the increase 
in the value of Pt than for steel 7· Consequently, a smaller increase in 
the total moment is obtained by increasing Pt at high values of~. The 
same is true for steel 8, except that the compression steel stress does not 
stay constant a~ high values of ~, but increases with strain at a smaller 
rate, and her.~e ~he compression steel does not provide enough increase in 
its share of t,~:e ~otal compression force in proportion to the increase in 
Pt as does 2tee: ,. Consequently, the ratio of ultimate moment for steels 5, 
6 and 8 to t::2: :'0::- steel 7 is reduced as ~ is increased by increasing Pt 
at high values o~ ~t. 
7.4.2. Steel 5 
(a) Ultimate axial load levels below the balance point 
As explained in Section 7.3, considerable increases in the ultimate 
moment and ultimate curvature of a reinforced concrete section are obtained 
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at ultimate axial load levels below the balance point for all values of ~ 
when the strain-hardening portion of the stress-strain curve for steel 5 is 
considered in the analysis with E limited to 0.010. Table 7.4 gives the 
u 
ratios of the ultimate moment and ultimate curvature calculated for P 0 
u 
and 0.05 P
07 
with steel 5 according to the method of analysis in Chapter 3, 
to the ultimate moment and ultimate curvature calculated with steel 7 in 
accordance with the provisions of the 1963 ACI Code. 
It can be seen in Tables 7.3 and 7.4 that, at P
u 
= 0 when ~ is 
increased by increasing Pt at constant values of fT and f , there is a 
c y 
slight increase in the ratios of ultimate moments up to ~ = 0.60. Also if 
~t is increased either by decreasing fT at constant values of p, and f , or 
c ~ y 
by changing both f' and p~ at a constant value of f , the ratios of ultimate 
c G y 
moment either increase slightly or remain constant up to ~ = 0.60. For 
~t > 0.60 any increase in ~ results in a decrease in the ratio of ultimate 
moment with steel 5 to that with steel 7. This effect of variation of ~ 
is obtained because of the effect of the compression steel in combination 
with the effect of the strain-hardening region of the stress-strain curve 
of tension steel as explained in Section 7.4.1. It is explained briefly 
below: 
For all values of ~ ~ 0.60, the compression steel strains are in 
the elastic region, as shown in Table 7.2 and Figs. 7.25, 7.26 and 7.27. 
Thus, as explained in Section 7.4.1, the compression steel is able to provide 
the re~uired increase in its share of the total compression force as does 
steel 7, and enough increase in the total compression force is obtained to 
match the corresponding increase in the total tension force for steel 5. 
It can be seen from the values of the lever arm of concrete force given in 
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Table 7.2. that, as ~ increases up to 0.60, there is a smaller reduction 
v 
in the lever arm with steel 5 than with steel 7, which results in propor-
tionately smaller reduction in the moment of the concrete force with 
steel 5 than with steel 7. Because of these two factors, either the same 
or slightly higher ratio of ultimate moment for steel 5 to that for steel 7 
is obtained up to ~ = 0.60. 
When ~ exceeds 0.60, the compression steel strains for steel 5 
are on the flat-plateau or in the lower portion of the strain-hardening 
region. In the former case, the compression steel stress remains constant; 
in the latter case, the compression steel stress increases at much smaller 
rate than does that for steel 7 which is in the elastic region. Conse~uently, 
steel 5 provides proportionately less increase in its share of total compres-
sion force than does steel 7. Also, there is a greater reduction in the 
lever arm of the concrete force as ~ increases beyond 0.60 with steel 5 
than with steel 7 which results in proportionately greater reduction in the 
moment of the concrete force. Furthermore, e~uilibrium of forces occurs 
with proportionately smaller increases in the total tension and compression 
forces for steel 5 than for steel 7. All these factors result in a pro-
portionately smaller increase in total moment due to the effect of the strain-
hardening region of the stress-strain curve for steel 5. Conse~uently, the 
ratio of ultimate moment for steel 5 to that for steel 7 decreases as ~ is 
increased beyond 0.60. 
A similar effect of variation of ~ is obtained at Pu = 0.05 P07 ' 
However, as P increases, the compression steel strain increases and ~hus, 
u 
the limit of ~ up to which the compression steel strains are in the elastic 
region is reduced. This can be seen by comparing the compression steel 
strains in Tables 7.2 and 7.3. 
III 
Table 7.2 shows that ultimate curvature decreases as ~ increases 
for both steels 7 and 5. However, the ratio of the ultimate curvature for 
steel 5 to that for steel 7 increases as ~ increases because there is more 
reduction in the ultimate curvature for steel 7. This has been explained 
in Section 7.3. 
(b) Ultimate axial load levels above the balance point 
Figures 7.10 through 7.14 show that, at ultimate axial load levels 
in the range Pb < Pu < 0.45 P07' there is some increase in the ultimate 
capacity of the section with steel 5 calculated according to the method of 
analysiS in Chapter 3, as compared to that with steel 7 calculated in 
accordance with the provisions of the 1963 ACI Code. This increase is a 
maximum at an ultimate axial load level slightly higher than the balance 
point, and decreases as P
u 
increases until at Pu ~ 0.45 P07 the same capacity 
is calculated with both steels 5 and 7. Table 7.6 gives the ratios of the 
ultimate moment for steel 5 to that for steel 7 for all values of ~ at such 
levels of ultimate axial load that, for each value of q~, the maximum 
~ 
increase in ultimate capacity is obtained for steel 5 in comparison with 
steel 7. It can be seen in this table that the maximum increase of 10 percent 
in ultimate capacity is obtained with Pt = 0.08. This table also shows that, 
when ~ is increased by decreasing f~ at constant values of Pt and fy' there 
is no effect of the variation of qt on the ratios of ultimate moment except 
for the ver-y small value of Pt = 0.01, in which case the increase in the 
capacity with steel 5 is very small--only 2 to 5 percent. However, if ~ is 
increased by increasing Pt only at constant values of f~ and fy' the ratio 
of ultimate moment for steel 5 to that for steel 7 increases as qt is 
increased, indicating that a greater increase in ultimate moment is obtained 
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for steel 5 as Pt or ~ is increased. A part of this increase is obtained 
because of the effect of the ratio dr/t which will be explained in 
Section 7.5, and a part occurs because the maximum moment, which is the 
ultimate moment for steel 5, is obtained at greater values of E , as is the 
u 
case at ultimate axial load levels below the balance point. However, at 
ultimate axial load levels above the balance point, the effect of the strain-
hardening region of the stress-strain curve of the reinforcement is not 
utilized except at very high value of ~t '= 1.60. This is so because, in 
this region of the load-moment diagram, the tension steel strains are in the 
elastic region while the compression steel strains are on the flat plateau 
or in the lower portion of the strain-hardening region, for ~ = 1.60 and 
at ultimate axial load levels slightly higher than the balance point. In 
view of this, it can be concluded that, at ultimate axial load levels above 
the balance point, the effect of variation of ~, as explained above, occurs 
because of the difference in the limit on E , but not because of the 
u 
difference in the stress-strain characteristics of steel 5. Even for 
~ = 1.60, when the compression steel strains are in the lower portion of 
the strain-hardening region, that is, E3 2 0.005, the compression steel 
stress is only slightly greater than the yield stress, and thus its effect 
on the ultimate moment is negligible. However, the ult~~ate moment occurs 
at a greater value of E , and thus there is a greater increase in the 
u 
ultimate curvature for ~ 1.60. 
As shown in Figs. 7.15 to 7.17, there is a considerable increase 
in the ultimate curvature for steel 5 at ultimate axial load levels slightly 
above the balance point for all values of~. But, as is true for the 
increase in the ultimate moment, the increase in the ultimate curvature 
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occurs because of the greater value of ·~ltimate concrete strain for steel 5 
rather than because of the stress-strain curve for steel 5. 
7.4.3. Steel 6 
(a) Ultimate axial load levels below the balance point 
Figures 7.10 through 7.14 show that, at ultimate axial load levels 
below the balance point, considerably greater ultimate moments and ultimate 
curvatures are predicted for the section with steel 6 than with steel 7, 
as was the case for steel 5. This is due to the effect of the strain-
hardening region of the stress-strain curve for steel 6 in tension together 
with the higher limit on E permitted in the method of analysis in Chapter 3. 
u 
The ratios of the ultimate moment for steel 6 to that for steel 7 given in 
Table 7.3 indicate that a maximum of 23 percent increase in the ultimate 
moment is obtained for steel 6 at P = O. This table also shows the 
u 
following: 
(1) When ~ is increased by decreasing f~ at constant values of 
Pt and f , there is negligible effect of the variation of ~ on the ratio y . 
of ultimate moments for steels 6 and 7, except for very high values of ~ 
obtained with Pt 
obtained with Pt 
0.08. This is so because, at lower values of qt 
0.01 and 0.04, as shown in Table 7.2, the compression 
steel strains are in the elastic region for both steels 6 and 7. Consequently, 
as explained in Section 7.4.1, both steels are able to provide the required 
increases in their shares of total compression forces to match with corre-
sponding tension forces, and proportionately the same decreases occur in 
ultimate moments due to the reduction in f! so that practically the same 
c' 
ratios of ultimate moment are obtained. However, at higher values of 
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~ with Pt = O.oS, the compression steel strains are on the flat plateau 
for steel 6 but in the elastic region for steel 7 and, as explained in 
Section 7.4.1, compression steel 6 does not provide the required increase 
in its share·of the total compression force to compensate for the reduction 
in fl. Therefore, the proportionate reduction in the ultimate moment for 
c 
steel 6 is more than that for steel 7, and the ultimate moment ratios for 
steels 6 and 7 decrease with increase in ~ for Pt = O.oS. 
(2) There is a very slight decrease in the ratio of ultimate 
moments for steels 6 and 7 when ~ is increased from 0.12 to 0.20 by 
decreasing f~ from 5000 to 3000 psi with Pt = 0.01, whereas there is a very 
slight increase in the same ratio if f' is reduced from 5000 to 3000 psi 
c 
with Pt = 0.04 to increase qt from 0.4S to 0.80, although in both cases the 
compression steel strains are in the elastic region. This is so because, 
as shown in Table 7.2, in the former case with Pt = 0.01, the compression 
steel strains are in the tensile elastic region for both values of f! for 
c 
steel 7, whereas for steel 6, the compression steel is in tension for 
f' 5000 psi but in compression for f' = 3000 psi. In the latter case with 
c c 
Pt 0.04, the compression steel strains are in the compressive elastic 
region for both steels and with both values of fT. When the compression 
c 
steel is in tension, the total compression force is provided by concrete; 
but when the compression steel is in compression, it shares a part of the 
total compression force. Since, for the section analyzed here, the lever 
arm of the concrete force is longer than that of the compression steel force, 
the total moment of the total compression force is less when the compression 
steel is in compression than when it is in tension. Consequently, the total 
moment for steel 6 for ~ = 0.20, when the compression steel is in compression, 
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is proportionately reduced as compared to that for steel 7 for which the 
compression steel is in tension, and thus the ratio of the ultimate 
moments for steels 6 and 7 is very slightly reduced for ~ = 0.20. This 
will be explained in more detail for steel 8 in Section 7.4.4. 
(3) When ~ is increased by increasing Pt at constant values 
of f I and f , there is again a negligible effect of the varia tion of qt 
c y 
on the ratio of ultimate moments for steels 6 and 7 up to ~ = 0.80 with 
Pt ::: 0.04; but with qt :::. 0.96 obtained wi'th Pt = 0.08, the same ratio 
decreases as qt increases. The reason for this is the same as for (1) above 
namely, the effect of the location of the compression steel strains on the 
stress-strain curve of the compression steel. 
(4) When qt is increased by varying both f~ and Pt' there is 
negligible effect of the variation of ~ for all values of qt < 0.96. But, 
at higher values of ~ there is a small reduction in the ratio of ultimate 
moments for steels 6 and 7 for the same reason as given in (1) above. 
For P 
u 
0.05 P07' Table 7·3 shows that the limit of qt up to 
which the compre~sion steel strains are in the elastic region for steel 6 
lies between 0.20 and 0.48. Therefore, as explained in Section 7.4.1, the 
compression steel provides for enough increase in its share of the total 
compression force only up to this limiting value of ~, and the ratios of 
ultimate moments for steels 6 and 7 increase with increase in ~ up to 
qt = 0.48. Since, for ~ > 0.48, the compression steel strains are on the 
flat-plateau for steel 6, but in the elastic region for steel 7, the com-
pression steel 6 does not provide the required increase in its share of the 
total compression force whereas steel 7 does provide enough increase in the 
compression steel force. Therefore, as explained in Section 7.4.1, the 
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ratio of ultimate moments for steels 6 and 7 decreases with increase in ~ 
beyond 0.48. 
The effect of variation of ~ on ultimate curvatures of the 
section with steel 6, as compared to those for steel 7, is the same as 
explained in Section 7.4.2 for steel 5. 
(b) Ultimate axial load levels above the balance point 
Figures 7.10 through 7.14 show that, at all levels of ultimate 
axial load above the balance point, the same ultimate capacity of the 
section is obtained with steels 5 and 6. This has been explained in 
Section 7.3. Therefore, the effect of variation of ~ on the ultimate 
moment ratios for steels 6 and 7 is the same as for steels 5 and 7, which 
has been explained in Section 7.4.2. 
Figures 7.15 through 7.18 show that the same ultimate curvatures 
are obtained for the section with steels 5 and 6 at all levels of ultimate 
axial load above the balance point for all values of qt' except at ~ = 1.60 
obtained with Pt 0.08 and f' = 3000 psi. Therefore, the effect of the c 
variation of ~ on the ultimate curvatures for steel 6 is the same as for 
steel 5 up to ~ = 0.96 which has been explained in Section 7.4.2. However, 
for ~ = 1.60, Fig. 7·.14 shows that, at ultimate axial load levels between 
the balance point and P
u 
= 0.45 P07 ' there is practically no difference in 
the ultimate moments for steels 5 and 6, but Fig. 7.18 shows that, in the 
same region 'of the load-moment diagram, considerably smaller ultimate 
curvatures are obtained for steel 6 than for steel 5. This is so because, 
the ultimate moment for steel 5 occurs at greater value of E than for 
u 
steel 6 due to the effect of early strain-hardening of steel 5, since the 
compression steel strains are in the lower portion of the strain-hardening 
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region of the stress-strain curve for steel 5, that is E3 ~ 0.005. This 
gives slightly greater compression steel stresses which makes the moment-
strain curves quite flat for steel 5, as shown in Fig. 7.24. This results 
in too small increases in the ultimate moment for steel 5 to be shown in 
Fig. 7.14, but considerable increases in the ultimate curvature. This 
effect of E on ultimate curvature has been explained in Section 7.2. 
u 
7.4.4. Steel S 
(a) At low levels of ultimate axial load 
Figures 7.10 through 7.14 show that, at low levels of ultimate 
axial load, there is a considerable increase in the ultimate moment and 
ultimate curvature of a reinforced concrete section calculated for steel 8 
according to the method of analysis in Chapter 3, in comparison with those 
calculated for steel 7 in accordance with the provisions of the 1963 ACI 
Code. The increase in the ultimate moment is maximum at P = 0 and decreases 
u 
as P increases. Tables 7.4 gives the ratios of ultimate moment and ultimate 
u 
curvature for steel 8 to those for steel 7 at two levels of ultimate axial 
load, P 
u 
= 0 and P 
u 
for seven values of ~. 
For P = 0, Table 7.4 shows that the ratio of ultimate moment for 
u 
steel 8 to that for steel 7 (Mu8/MU7) is a maximum with ~ = 0.12; the 
increase in ultimate moment for steel S is 26 percent. As qt is increased, 
the ratio MuS/MU7 is decreased so that the increase in the ultimate moment 
for steel 8 decreases as qt increases. This is so because of: (1) the 
presence of the compression steel as explained in Section 7.4.1, and (2) 
the shape of the stress-strain curve for compression steel 8. Table 7.2 
and Figs. 7.25, 7.26 and 7.27 show that the compression steel strains for 
steel 8 are in the elastic region only for very small values of qt = 0.12 
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and 0.20, that is with Pt = 0.01. But, for higher values of ~, that is 
with Pt ~ 0.04, the compression steel strains are in that portion of the 
stress-strain curve which lies below that for steel 7, and in which stress 
increases with strain at a smaller rate. For steel 7, the compression 
steel strains are in the elastic region for all values of qt' Therefore, 
as explained in Section 7.4.1, except for very small values of ~, the 
compression steel 8 does not provide enough required increase in its share 
of the total compression force in comparison with steel 7, and there is 
proportionately less increase in the ultimate moment with steel 8 than with 
steel 7. Consequently, the ultimate moment ratio decreases as ~ increases. 
However, for Pt = 0.01, although the compression steel strains for both 
steels 7 and 8 are in the elastic region and thus, both can provide the 
required additional compression forces, the ultimate moment ratio still 
decreases as ~ increases because of the following: 
Table 7.2 shows that, for ~ = 0.12, the compression steel is in 
the tensile elastic region for both steels 7 and 8. Therefore, the concrete 
force is equal to the sum of the forces in the tension and compression 
steels. The lever arm for the concrete force for steel 7 is longer than 
that for steel 8. The total moment is equal to the moment of the concrete 
force about the centroid of the tension steel minus the moment of the 
compression steel force about the same point. This is the case for both 
steels 7 and 8 for ~ 0.12. But, for ~ = 0.20 with Pt = 0.01, the com-
pression steel strain is in the tensile elastic region only for steel 7 
but in the compressive elastic region for steel 8. Hence, for steel 7, 
the concrete force is again equal to the sum of the forces in the compres-
sion and tension steels, but for steel 8, the concrete force is equal to 
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the difference of the forces in the tension and compression steels. Thus J 
although the concrete force is reduced for both steels 7 and 8, as f' is 
c 
reduced to increase ~tJ the reduction in the concrete force for steel 8 
is more than that for steel 7. This greater reduction in the concrete 
force is compensated for by the compression steel which is in compression 
for ~ = 0.20 for steel 8 only. As Table 7.2 shows, the lever arm of the 
concrete force is longer than that of the compression steel force for both 
steels 7 and 8, and the transfer of compression force from concrete to the 
compression reinforcement for steel 8 results in a smaller moment of the 
total compression force about the centroid of the tension steel than for 
steel 7 for which concrete alone provides for the total compression force. 
Thus, if the ratio dllt is small enough to put compression steel in 
compression for steel 7 too, the ratio of ultimate moment for steel 8 to 
that for steel 7 would be the same, or would increase slightly with increase 
in ~ from 0.12 to 0.20 with Pt = 0.01. For higher values of ~, both 
compression steels 8 and 7 are in compression, but no increase in the ultimate 
moment ratic is obtained because of the location of the compression steel 
strains f'c,~ ~:eel 8, as explained above. 
:~~ Fu = 0.05 P07' the limit of ~ up to which the compression 
steel s:rE:.iLS c;~e in the elastic region for steel 8 is between 0.20 and 0.48, 
as was tr~e :o~ ? 
u 
0, but for P
u 
= 0.05 P07 it is closer to 0.20. Thus, 
it is only for small values of ~t, with Pt = 0.01, that the compression steel 
provides for enough increase in its share of total compression force as does 
steel 7. Also, Table 7.3 shows that, for ~ = 0.20, the compression steel 
is in compression for both steels 7 and 8. Therefore, as explained earlier J 
there is some increase in the ratio of ultimate moments for steels 8 and 7 
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(from 1.l3 to 1.17) when ~ is increased from 0.12 to 0.20. For ~ ~ 0.48, 
the compression steel strains for steel 8 only are not in elastic region, 
as was true for P = 0, and hence the ultimate moment ratio decreases with 
u 
increase in 
The effect of variation of ~ on the ultimate curvature of the 
section for steel 8 in comparison with that for steel 7 is the same as for 
steel 5 explained in Section 7.4.2. 
(b) At high levels of ultimate axial load 
Figures 7.10 through 7.14 show that the increases in the ultimate 
capacity of the section, which are obtained because of the strain-hardening 
region of the stress-strain curve for steel 8 in comparison with that for 
steel 7, decrease as the ultimate axial load increases. At higher levels 
of ultimate axial load, when the tension and/or compression steel strains 
are in that portion of the stress-strain curve for steel 8, which lies 
below that for steel 7, smaller ultimate capacity is predicted for steel 8 
than for steel 7. This has been explained in Section 7.3. At ultimate 
axial load levels close to the balance point for steel 7, both the tension 
and compression steel strains are in this region of the stress-strain curve. 
Thus, smaller tension and compression steel stresses are obtained for 
steel 8 than for steel 7, and a greater reduction in the ultimate moment is 
obtained for steel 8. However, as will be explained in Section 7.5, the 
ultimate axial load level at balanced conditions for steel 7, Pb , decreases 
as ~ increases. This brings Pb towards that region (lower portion) of the 
load-moment diagram where the ultimate moment for steel 8 occurs at higher 
value of E
U
' which increases the tension and compression steel strains, 
stresses and forces. Conse~uently, as ~ is increased, smaller reduction in 
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ultimate moment is obtained for steel 8 at the balanced conditions for 
steel 7. At high values of ~ ~ 0·96 obtained with Pt = 0.08, Pb is 
reduced so much that, at ultimate axial load levels close to the balance 
point for steel 7, the tension steel is in the strain-hardening region of 
the stress-strain curve for steel 8, which gives greater stress for steel 8 
than for steel 7 and thus greater ultimate moment for steel 8. This can be 
seen from the ratios of ultimate moment for steel 8 to that for steel 7 in 
Table 7.6. The ultimate moments for steel 7 have been calculated for the 
balanced condition as defined in the 1963 ACI Code, with the values of ~k3 
taken at E4 = Eu 0.003 for the same stress-strain curve for concrete as 
has been used for steel 8 (Fig. 4.11). The ultimate moments for steel 8 
have been taken from Figs. 7.10 through 7.14 at such levels of ultimate 
axial load that, for each value of ~, the ratio of the ultimate moment to 
the .ult:i.mate axial load or the eccentricity of the load is the same for 
both steels 7 and 8. The ratios of ultimate moments given in Table 7.6 
indicate that a reduction of about 6 percent occurs in the ult:i.mate moment 
for steel 8 in ~omparison with that for steel 7, for ~ = 0.12, and that 
this reduction decreases as ~ increases, until for ~ = 1.60, there is an 
increase of 7 percent in the ultimate moment for steel 8, as comp~red to 
that for steel 7. These conclusions are true for the section analyzed here 
with dllt = 0.20. As will be explained in Section 7.5.1, the balance point 
is raised for a smaller value of dllt, and thus these comparisons will be 
made at higher levels of ultimate axial load, and the effect of variation 
of Qt will be similar to that explained below. 
At higher levels of ultimate axial load, Figs. 7.10 through 7.14 
show that smaller ultimate capacity is predicted for steel 8 than for 
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steel 7. The extent to which the decrease in ultimate capacity occurs 
depends on the value of~. Table 7.6 gives the ratios of ultimate 
moments for steels 8 and 7 at two levels of P above the balance point for 
u 
steel 8. These load levels are P
u 
= 0.6 P07 and 0.8 P07 for steel 7; but 
for steel 8, ultimate moments have been taken from Figs. 7.10 through 7.14 
at the same eccentricity as for steel 7, in the same way as was done at 
balanced conditions. It can be seen in Table 7.6 that, at these load levels, 
the ratio of ultimate moment for steel 8to that for steel 7 decreases as 
~ increases, indicating that the decrease in ultimate capacity of the 
section with steel 8 increases as ~ increases, except that at high values 
of qt ~ 0·96 obtained with Pt = 0.08 smaller reduction in ultimate moment 
is obtained as ~ increases. This is explained below: 
When ~ is increased either by decreasing f; or by increasing Pt 
or by both, the compression steel takes a greater portion of the total 
compression force and its effects are thus enhanced. Since the decrease in 
the ultimate capacity for steel 8, in comparison with that for steel 7, 
occurs at high levels of ultimate axial load because of the smaller com-
pression steel stresses which are obtained from that portion of the stress-
strain curve that lies below that for steel 7, the reduction in the ultimate 
capacity for steel 8 is increased with increase in qt' However, it can be 
seen in Figs. 7.22, 7.23 and 7.24 that the ultimate concrete strain E 
u 
increases as ~ is increased. This has the effect of increasing compression 
steel strains and stresses, so that for values of ~ ~ 0.96 the compression 
steel strains at ultimate capacity are such that the compression steel 
stresses are only slightly less than the yield stress which is the stress 
in the compression steel 7. Consequently, there is a smaller reduction in 
the ultimate moment for steel 8 at values of ~ ~ 0.96. 
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Although, the reduction in the ultimate moment for steel 8 at 
high levels of ultimate axial load, as given in Table 7.6, is not great, 
it can be concluded that the maximum reduction occurs at intermediate values 
of ~, with Pt = 0.04. 
Figures 7.15 through 7.16 show that, at ultimate axial load levels 
above the balance point, ultimate curvature of the section with steel 8 
increases with increase in~. Also, the ultimate axial load level up to 
which the increase in ultimate curvature is obtained increases with increase 
in qt' This is so because Eu for steel 8 increases with increase in qt' 
This can be seen in the moment-strain diagrams in Figs. 7.22 through 7.24. 
Although this increase in ultimate curvature is considerable, it is 
accompanied by some decrease in ultimate capacity. 
7.5. Effect of Stress-Strain Curve of Steel With Variation of dt/t 
Section 808(c) of the 1963 ACI Code requires that a minimum cover 
of 1-1/2 in. be provided over the lateral reinforcement in a reinforced 
concrete column,. According to Section 806 (b) of the Code, the minimum 
diameter of lateral ties in a reinforced concrete column is 1/4 in. Thus, 
the minimum value of the d-istance from the extreme compression fiber to the 
centroid of the compression steel is 1.5" + 0.25" + D/2, where D = diameter 
of the reinforcing bars in compression. The ACI Code permits the use of 
minimum size of bars as #5. Therefore, the absolute minimum value of d l 
is 2.06 in., but the ratio of d ' to the overall depth of the section twill 
vary depending on the size of the column and of the compression bars. For 
small columns, the minimum value of the ratio dt/t will be large, and 
vice versa. In symmetrically reinforced concrete sections, such as the one 
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used for the analyses in the chapter, the effective depth of the section 
is d = t - d ' . Therefore, the variation of the ratio d'/t results also 
in variation of d/t. When equilibrium of forces is obtained at a given 
value of the applied axial load and a given value of the concrete strain 
in the extreme compression fiber E4, the strains in the tension and com-
pression steels will depend on the ratio d T /t. With a smaller value of d I /t, 
greater strains will be obtained in the reinforcement and, unless these 
strains are on the flat-plateau of the stress-strain curve, greater stresses 
will be obtained in the reinforcement, which will change the internal 
forces and thus the capacity of the section. In the following sections, 
the effects of the stress-strain curve of the reinforcement with variation 
of the ratio d'/t will be discussed. 
The same 15-in. square reinforced concrete section, as selected 
for analyses in Sections 7.2, 7.3 and 7.4, was analyzed with two values of 
the ratio d'/t = 0.15 and 0.20 and the effects are discussed for the stress-
strain curve for steel 5 in comparison with that for steel 7. 
7.5.1. Effect of Variation of the Ratio d'/t on the Balance Point 
According to Section 1900(b) of the 1963 ACI Code, the balance 
point on the load-moment diagram is to be obtained from the strain and 
stress distributions over the cross section such that E4 = 0.003 and E2 
which, for steels 5 and 7, is 0.00207. 
Thus kd 0.003 d 0·592d 0.00207 + 0.003 
<P 0.00507 
u d 
E3 0.003 - <P d I U 
and 
E 
Y 
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If E3 = E; = 0.00207, so that the compression steel yields at balanced 
conditions, then 
0.003 - 0.00207 
~ 
o.183d 
For d 
d' O.155t 
According to the 1963 ACI Code, the absolute minimum value of 
d' = 2.06 in. for #5 bars. Thus, the minimum value of t for which #5 com-
pression bars will yield is 13.3 in. For smaller reinforced concrete 
sections and/or larger bars, or for greater values of fT and E', the y y 
compression steel will not yield at the balanced conditions defined by the 
1963 ACI Code. 
The ultimate axial load at the balanced conditions, Pb , is 
calculated as: 
Since, for symmetrically reinforced concrete section, A = A 
sc st 
If the compression steel does not yield, f < f' = f , and Pb will decrease sc y y 
as Ast or Pt is increased for a given value of f~. Also, P07 ' the ultimate 
axial load for zero eccentricity with steel 7, is 0.85f Tbt + 2A tf which 
c s y 
increases as Ast or Pt is increased at constant f~. Therefore, the ratio 
Again, if f' is decreased at constant 
c 
values of Pt and fy' Pb will decrease faster than P07 ' and the ratio Pb/P07 
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will decrease as f' is decreased. Conse~uently, when the ratio dllt is 
c 
such that the compression steel does not yield, the ratio Pb/P07 decreases 
as ~ increases. This can be seen in Figs. 7.10 through 7.14. 
If the ratio d'/t is such that the compression steel yields, 
fsc fy and Pb = ~k3f~bdk. In this case, Pb depends only on the variation 
of f~ but not on Ast or Pt' The ratio Pb/P07 will decrease as f~ is 
decreased or Pt is increased but not as much as when the compression steel 
does not yield. 
In the method of analysis explained in Chapter 3, the ultimate 
concrete strain is not limited to 0.003, but is obtained from the moment-
strain diagrams corresponding to the ultimate moment determined from the 
three criteria explained in Section 3.3. Thus, the balance point as 
defined in the ACI Code does not always lie on the load-moment diagram 
obtained by the method of analysis in Chapter 3. Figures 7.10 through 7.14 
show that as Pt increases, the balance point lies further inside the load-
moment diagram because, at higher values of Pt or ~, the ultimate moment 
at ultimate axia~ load levels close to the balance point occurs at ultimate 
concrete strain E greater than 0.003, and the compression steel yields at 
u 
ultimate capacity. But, for the value of dllt = 0.20 for which the load-
moment diagrams of Figs. 7.10 through 7.14 have been obtained, the compres-
sion steel does not yield at E = 0.003. Thus, a smaller total compression 
u 
force is obtained, which results in a smaller ultimate load and ultimate 
moment. For the case of d'/t = 0.15, as shown in Fig. 7.28, the compression 
steel yields when E4 = EU = 0.003 and E2 = Ey ' Thus, the balance point lies 
almost on the load-moment diagram. This is so because, at ultimate axial 
load levels close to the balance point, when d'/t is small enough to cause 
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yielding of the compression steel, the moment-strain diagrams are ~uite 
flat and the ultimate moment occurs at E4 = EU close to 0.003 so that, 
in this region of the load-moment diagram, negligible difference is 
obtained between the ultimate capacity calculated for steel 5 according to 
the metbod of analysis in Chapter 3 and that for steel 7 calculated in 
accordance with the ACI Code. This will be explained further in Section 
7·5·3· 
7.5.2. Effect of Variation of d'/t Below the Balance Point 
As explained in Section 7.3, considerable increase in the ultimate 
capacity is obtained with strain-hardening steels at ultimate axial load 
levels below the balance point when the strain-hardening region of the 
stress-strain curve is considered in the analysis and E is limited to 
u 
0.010. For symmetrically reinforced sections, decrease in the ratio dl/t 
increases the ratio d/t. This has the following 'effects: 
(1) At ultimate capacity, greater strains are obtained in both 
the tension and compression steels. Since the tension steel strain is in 
the strain-hardening region, greater tension steel strain, stress and force 
are obtained. Also the compression steel strains are either in the elastic 
region of the stress-strain curve, for low values of ~, or on the flat-
plateau for high values of~. In the former case, the compression steel 
stress and hence the compression steel force increases as d'/t is reduced, 
and e~uilibrium of forces is obtained with greater total tension and total 
compression forces. Furthermore, for taking moments of the tension and 
compression steel forces about the plastic centroid, the lever arm is 
increased as d'/t is decreased and d/t is increased. Thus, greater ultimate 
moment is obtained. In the latter case, when the compression steel strains 
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are on the flat-plateau for high values of Pt' there is no increase in the 
compression steel force, but with a slight increase in the depth to the 
neutral axis, concrete force can be increased and tension steel strain and 
stress can be decreased, so that equilibrium of forces is obtained with 
very little increase in total compression and tension forces. However, the 
increase in the lever arm of the tension and compression steel forces, as 
stated above, considerably increases their moments about the plastic 
centroid because of the large forces in the tension and compression steels 
due to high value of Pt and high stress. Thus, greater ultim~te capacity is 
calculated when the ratio d 1 /t is small. Table 7.7 gives the ratios of 
ultimate moment for steel 5 to that for steel 7 for both values of dT/t 
0.15 and 0.20, at various levels of ultimate axial load for Pt = 0.04 and 
fT = 4000 psi. For this case, the compression steel strains are always on 
c 
the flat plateau for steel 5. It can be seen in this table that, at lower 
levels of ultimate axial load, larger ratios of ultimate moment for steel 5 
to that for steel 7 are obtained with smaller value of dt/t, indicating 
that greater increase in ultimate capacity is obtained for steel 5 than 
for steel 7 with smaller values of d 1 /t. As the ultimate axi.al load 
increases, this increase in ultimate capacity decreases. 
7.5.3. Effect of Variation of d 1 /t Above the Balance Point 
At ultimate axial load levels above the balance point, the com-
pression steel strains are on the flat-plateau, while the tension steel 
strains are in the elastic region. With Eu limited to 0.003, if the value 
of dt/t is not small, the compression steel strains may also be in the 
elastic region at ultimate axial load levels a little above the balance 
point. In this case, if a greater limit on E is permitted, not only 
u 
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greater concrete force is obtained because of the increase in the value of 
klk3 up to E4 = Em = 0.004, but the compression steel yields at ultimate 
capacity and a greater ultimate moment is calculated by the method of 
analysis in Chapter 3. However, if dT/t is small enough, so that the 
compression steel yields at E = 0.003, the compression steel force remains 
u 
constant, and very little increase in the ultimate moment is obtained for 
steel 5 with E > 0.003 in comparison with that for steel 7 with E = 0.003. 
u u 
Table 7.7 shows that for d'/t = 0.15 a maximum of 3 percent increase in 
the ultimate moment is obtained for steel 5 by the method of analysis 
explained in Chapter 3; but for d'/t = 0.20, the maximum increase in the 
ultimate moment is 9 percent. 
7 . 6. Summary 
In this chapter, a 15-in. square reinforced concrete section has 
been analyzed to obtain load-moment and load-curvature diagrams to study 
the effects of the stress-strain curves of ASTM A615-68 Grade 60 reinforcing 
bars on the str~ngth and behavior of the section. The variables considered 
in the analyses are described in Section 7.1. The results obtained and the 
discussions and explanations presented in Sections 7.2 through 7-5 are 
summarized below. 
(a) Ultimate moment 
If the section is analyzed with ultimate concrete strain E 
u 
limited to 0.003, in accordance with the provisions of the 1963 ACI Code 
practically the same moment is calculated at all levels of ultimate axial 
load for steels 5, 6 and 7 for all values of ~, except for small values 
of ~ in combination with low levels of ultimate axial load. This is so 
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because, with E < 0.003, the tension and compression steel strains lie in 
u-
that region of the stress-strain curves which is the same for all of the 
steels 5, 6 and 7. Thus, the strain-hardening region of the stress-strain 
curve is not properly utilized. But, for small values of ~ with EU 
0.003, the tension steel strain is in the lower portion of the strain-
hardening region at low levels of ultimate axial load, and an increase in 
ultimate moment is obtained due to the greater tension steel stress. This 
increase in the ultimate moment decreases as ~ and/or P
u 
increases. 
For steel 8 which has a round-house stress-strain curve, when 
E < 0.003, a considerable decrease in the ultimate moment is obtained in 
u-
comparison with steel 7, at all levels of ultimate axial load, and for all 
values of ~, except at very low levels of ultimate axial load in combina-
tion with small values of ~. This is so because, with E < 0.003, 
u-
depending on the load level, the tension and/or compression steel strains 
are in that portion of the stress-strain curve for steel 8 which lies below 
that for steel 7, and smaller steel stresses and thus smaller ultimate 
moments are obtained for steel 8. For small values of ~ in combination 
with low levels of ultimate axial load, the tension steel strains are in 
that portion of the stress-strain curve which is above the flat-plateau 
for steel 7 and thus, as for steels 5 and 6, some increase in the ultimate 
moment is obtained for steel 8. This increase decreases as ~ increases, 
and for high values of ~ obtained with Pt = 0.08, smaller ultimate moment 
is calculated for steel 8 than for steel 7, even at P = O. 
u 
For the flat-top steel 7, at ultimate axial load levels below 
the balance point and above P 
u 
0.45 P07' extending the limit of ultimate 
concrete strain beyond 0.003 has practically no effect on the ultimate 
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moment. At ultimate axial load levels between the balance point and 
P
u 
= 0.45 P07' the maximum moment occurs at EU > 0.003, and a maximum 
increase of about 10 percent in the ultimate moment is obtained if a higher 
limit on E is permitted. However, this increase in ultimate moment 
u 
decreases as the ultimate axial load increases or the ratio d'/t decreases. 
For steels 5, 6 and 8, at ultimate axial load levels below the 
balance point, the moment-strain curves continue to rise as E4 is increased, 
owing to the effect of the strain-hardening region of the stress-strain 
curve, and thus a considerable increase in the ultimate moment is obtained 
if a higher limit on E = 0.010 is permitted in the analysis. 
u 
At ultimate axial load levels above the balance point, the maximum 
moment for steels 5 and 6 occurs with tension steel strains in the elastic 
region and compression steel strains on the flat-plateau, so that the strain-
hardening region of the stress-strain curve is not utilized even if the 
higher limit on E is permitted. Consequently, steels 5, 6 and 7 are all 
u 
alike in this region of the load-moment diagram. 
Fer s~eel 8, at ultimate axial load levels above approximately 
0.20 P07' c:o:-.sijerable decrease in ultimate moment is obtained in comparison 
with steel (, '2':e:-. if the higher limit on E is permitted for steel 8, 
u 
because of ~h~- p~rtion of the stress-strain curve for steel 8 which lies 
below that fST steel 7. 
(b) Ultimate curvature 
If E is limited to 0.003, there is practically no difference 
u 
between the ultimate curvatures for steels 5, 6, 7 and 8 at all levels of 
ultimate axial load, and for all values of ~. 
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If the section is analyzed according to the method of analysis 
explained in Chapter 3, and if the ultimate moment occurs at E > 0.003, a 
u 
greater ultimate curvature is obtained. Therefore, for strain-hardening 
steels 5, 6 and 8, at ultimate axial load levels below the balance point, 
a large increase in ultimate curvature is obtained since ultimate moment 
occurs at 0.003 < E < 0.010. For steel 7 with high values of Q" and at 
u- ---c 
ultimate axial load levels below the balance point, maximum moment occurs 
at E > 0.003 and thus there is some increase in the ultimate curvature, 
u 
but not as much as for steels 5, 6 and 8, even though ultimate moment is 
little affected by the limitation of E to 0.003 in this region of the load-
u 
moment diagram. 
At ultimate axial load levels in the region Pb < Pu < 0.45 P07' 
since the maximum moment occurs at E > 0.003 for all of the steels 5, 6, 
u 
7 and 8, greater ultimate curvature is obtained by allowing a higher limit 
on E. There is very little difference between the ultimate curvatures for 
u 
steels 5, 6 and 8 with small values of Clt for the case of a higher limit 
on Eu. But, as .Clt increases, greater curvature is obtained for steels 5, 
6 and 8 than for steel 7· For high values of ~ obtained with Pt = 0.08, 
greater ultimate curvatures are obtained for steel 8 than for any of the 
steels 5, 6 and 7 even though there is some reduction in the ultimate 
moment for steel 8. 
At higher levels of ultimate axial load, practically ~he same 
ultimate curvatures are obtained for steels 5, 6 and 7 because, the maximum 
moment occurs at E < 0.003 for all of these steels. This is true also for 
u-
steel 8 for small values of ~ obtained with Pt = 0.01 but, as Clt increases, 
greater ultimate curvatures are calculated for steel 8 than for any of the 
steels 5, 6 and 7 due to the greater value of Eu for steel 8. 
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Cc) Effect of compression steel 
The compression steel plays an important part in utilizing the 
strain-hardening region of the stress-strain curve of reinforcement and 
thus in increasing the ultimate moments and ultimate curvatures at low 
levels of ultimate axial load. As long as the compression steel strains 
are in the elastic region, the compression steel provides the required 
increase in the total compression force, not only to match the increase 
in the tension steel force but also to compensate for the reduction in the 
concrete force due to the reduction in the value of klk3 at high values 
of E. Thus, the total tension and compression forces are increased with a 
u 
consequent increase in the ultimate capacity. As the ultimate axial load 
level and/or the value of ~ increases, the compression steel strains 
increase while the tension steel strains decrease so that, when the com-
pression steel strains are on the flat-plateau for steels 5 and 6 or in 
that portion of the stress-strain curve for steel 8 which is below that 
for steel 7, the compression steel does not provide enough required increase 
in its share of .the total compression force and thus smaller increase in 
the ultimate capacity is obtained for steels 5, 6 and 8. At high levels 
of ultimate axial load, the same ultimate capacity is obtained for steels 5 
and 6 as for steel 7, but smaller ultimate capacity is obtained for steel 8. 
Cd) Effect of the ratio dl/t 
The increases in the ultimate capacity and ultimate curvature of 
the section due to the effect of the stress-strain curve of the reinforce-
ment depend also on the ratio dr/to For symmetrically reinforced concrete 
sections, as is the case in normal practice, a smaller value of df/t results 
in a greater value of d/t. Therefore, for given values of P
u 
and E4' greater 
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tension and compression steel strains are obtained with the smaller value 
of dl/t. Thus, at ultimate axial load levels below the balance point, the 
tension steel strains are pushed farther into the strain-hardening region, 
and greater increases in ultimate capacity are obtained for the strain-
hardening steels than for the flat-top steel. 
However, with the smaller value of dllt, the compression steel 
strains are pushed into the flat-plateau for small values of ~ and into 
the strain-hardening region for high values. Therefore, the limit of ~, 
up to which the compression steel can provide enough required increase in 
the total compression force and hence can result in greater increase in the 
ultimate capacity with increase in ~, is reduced. Also, for high values 
of ~, the compression steel strains are increased so much that buckling 
of compression bars becomes the governing criterion for ultimate capacity 
rather than the limiting ultimate concrete strain of 0.010. This occurs 
at ultimate axial load levels below the balance point but not above it 
because, at ul:.imate axial load levels above the balance point, E is small 
u 
which gives small compression steel strain. 
3i~ce ~he compression steel strain and stress increase with 
decrease i:-. :h~ ratio dl/t, the ultimate axial load at balanced conditions, 
as define:i ir. :~.e Code, increases and raises the balance point on the load-
moment diagra~. Also, at ultimate axial load levels in the region 
Pb < Pu S 0.45 P07 the compression steel strain at E4 = 0.003 approaches the 
yield value for steels 5, 6 and 7 and thus the increase in the ultimate 
capacity for these steels due to the higher value of E decreases with 
u 
decrease in dl/t. 
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8. ANALYSES OF REINFORCED CONCRETE SECTIONS LOADED 
IN A SHORT TJME - -ASTM GRADE 75 STEELS 
8.1. Introduction 
The same 15-in. s~uare reinforced concrete section (Fig. 3.1) 
which was used for the analyses in Chapter 7 has been analyzed in this 
chapter with ASTM A615-68 Grade 75 steel to obtain load-moment and load-
curvature diagrams. The same variables considered in Section 7.1 have 
also been considered in this chapter. With values of the total steel ratio 
p = 0.01, 0.04 and 0.08, and concrete strengths f' = 3000, 4000 and 5000 psi, t c 
and with the yield strength f = 75 ksi, the following values of the ratio y 
~t = Ptfy/f~ are obtained for the cases considered in this chapter: 
Pt f' ~ c 
0.01 5000 0.15 
0.01 3000 0.25 
0.04 4000 0·75 
0.08 5000 1.20 
0.08 3000 2.00 
The stress-strain 'curves for the reinforcement used in the 
analyses in this chapter are shown in Fig. 4.6 and the basis for their 
selection is explained in Section 4.1.3. 
The results of the analyses are presented in the form of figures 
and tables which are explained and discussed in Sections 8.2 through 8.5. 
These figures and tables give load-moment and load-curvature relationships 
at ultimate capacity of the section, and are presented in such a manner as 
to compare the results obtained for each of the steels 1, 3 and 4 with 
those for the flat-top steel 2 for two limiting values of ultimate concrete 
strain E = 0.003, as assumed in the 1963 ACI Code, and E 
u u 
0.010 assumed 
in Section 3.2, in order to investigate the effects of these assump~ions. 
The results for steels 1, 3 and 4 with E limited to 0.010 are also compared 
u 
to those obtained in strict accordance with the provisions of the 1963 
ACI Code; that is with a flat-top stress-strain curve (steel 2), and with 
EU limited to 0.003· 
The ordinates of the load-moment and load-curvature diagrams are 
expressed as the ratio p
u
/P02 ' where Pu is ultimate axial load for any 
steel and P02 is the ultimate axial load at zero eccentricity for steel 2; 
the abscissas are expressed as the ratio Mu/M02' where Mu is ultimate 
moment for any steel and M02 is the ultimate moment at zero axial load 
(pure moment capacity) for steel 2. 
Since steels 1, 3 and 4 do not have a well-defined yield point, 
the balance point, as defined in the ACI Code, can be computed only by 
using an arbitrary definition of the yield strength for these steels. 
However, since the ultimate moments and ultimate curvatures for these steels 
have been compared with those for the flat-top steel 2, the balance point 
referred to in Sections 8.2 through 8.5 is always that computed for steel 2 
in accordance with the definition given in Section 1900(b) of the 1963 
ACI Code. 
The effect of the stress-strain curves for steels 1,3 and 4 in 
comparison with steel 2 are explained in this chapter with frequent 
reference to the explanations and discussions of the effects of the stress-
strain curves for ASTM A615-68 Grade 60 steels 5, 6, 7 and 8 given in 
Chapter 7. 
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8.2. Flat-Top Steel 2 
Figures 8.1, 8.2 and 8.3 show the load-moment diagrams for steel 2 
for the five values of qt given in Section 8.1. Similarly) Figs. 8.10 and 
8.11 show the load-curvature diagrams. For each value of ~) the load-
moment and load-curvature diagrams are shown for two limits of E = 0.003 
u 
and O.OlO. The balance pOint as defined in the 1963 ACI Code is marked by 
a line and a letter B. 
It can be seen in Figs. 8.1, 8.2 and 8.3 that the ratio of the 
ultimate axial load at the balanced conditions to that at zero eccentricity 
(Pb/P02) decreases as ~ increases, for the same reason as explained in 
Section 7·5.1 for steel 7. As shown in Fig. 8.27) for P = 0 and E = 0.003, 
u u 
the tension steel strain decreases as ~ increases. With ~ 
obtained with Pt = 0.08 and f~ = 3000 psi, the tension steel strain is in 
the elastic region. Therefore, for the .section analyzed here, with 
d'/t = 0.20, the strain distribution corresponding to the balanced conditions 
defined in the ACI Code will give a negative value of Pb , indicating that 
the balance point lies in the region of axial tension. It has been 
explained in Section 7.5.1 that) as d'/t decreases) the balance point is 
raised. If d'/t = 0.177 for steel 2 and ~ = 2.0, the balanced condition 
corresponds to the pure moment case. 
For those values of ~ for which Pb is positive, at ultimate axial 
load levels below the balance point, there is little difference between the 
ultimate moments calculated by limiting E to 0.003 and by maximization of 
u 
the moment with a higher limit of E = 0.01, as was the case for steel 7 
u 
(Chapter 7). This is so becaus~ as shown in the moment-strain diagrams in 
Figs. 8.21, 8.22 and 8.23, the maximum moment occurs at E close to 0.003 
u 
and the moment strain diagrams are quite flat. This w;~s explained in 
detail in Section 7.2.1 for steel 7. However, at a very high value of 
~ = 2.0 since, at E4 = 0.003, the tension steel is in the elastic region 
even at Pu = 0 (Fig. 8.27), increasing E4 beyond 0.003 increases the tension 
steel strain and hence the stress and force. Also, since the compression 
steel strain is in the elastic region, its strain, stress and force are 
increased by increasing E4 so that the compression steel provides enough 
compression force to match the increased 'tension force. Consequently, the 
increased tension and compression forces result in a greater moment as E4 
is increased until the tension steel yields. At P = 0, an increase of 
u 
8 percent in the ultimate moment is obtained by extending the limit of 
E beyond 0.003. This increase in ultimate moment will decrease as dT/t is 
u 
reduced. When dllt = 0.177 instead of 0.20, for this section at P = 0, p. 
qt = 2.0 and E4 = 0.003, the tension steel strain is equal to the yield 
strain and very little increase in ultimate moment will be obtained by 
increasing E4 beyond 0.003· 
At ultimate axial load levels at and above the balance point, 
when E is limited to 0.003 yielding of the compression steel depends on 
u 
the ratio d T It. At the balanced conditions with E = 0.003, for t = 15 in., 
u 
the compression steel strain will be equal to the yield strain for steel 2 
if d l = 1.25 in. (dT/t = 0.0833) which is less than the absolute minimum 
value of d l = 2.06 in. according to the 1963 ACI Code, as explained in 
Section 7.5. Therefore, for the section analyzed here, at ultimate axial 
load levels in the greaterportion of the load-moment diagram above the 
balance point, with E = 0.003, the tension and compression steel strains 
u 
are in the elastic region of the stress-strain curve. As P increases, the 
u 
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the tension steel strain decreases while the depth to the neutral axis and 
the compression steel strain increase. At high levels of ultimate axial 
load (depending on ~t) the compression steel strains are on the flat plateau. 
In that region of the load-moment diagram above the balance point 
where the compression steel strains are in the elastic region, increasing 
the value of E4 beyond 0.003, increases both the tension and compression 
steel strains, as explained in Chapter 5, and thus results in greater 
tension and compression steel forces, which increase the moment until the 
compression steel yields at E4 > 0.003. Therefore, extending the limit of 
E beyond 0.003 at ultimate axial load levels above the balance point 
u 
results in a considerable increase in the ultimate capacity. This was also 
the case for the flat-top Grade 60 steel 7, as explained in Section 7.2.1. 
However, for the Grade 75 steel, this effect is magnified. This is so 
because, at E 
u 
0.003, the ratio of the compression steel strain to the 
yield strain for the Grade 75 steel is smaller than that for the Grade 60 
steel so that, when a higher value of E increases the compression steel 
u 
strain to the yield strain, a greater increase in the compression steel 
stress and force is obtained for the Grade 75 steel than for the Grade 60 
steel, resulting in a greatBr increase in the ultimate capacity. Figures 8.1, 
8.2 and 8.3 show that the reduction in ultimate capacity caused by limiting 
EU to 0.003 increases as ~ increases. 
At high levels of ultimate axial load, when the compression steel 
strains are on the flat-plateau, the maximum moment occurs at E4 S 0.003 so 
that no increase in ultimate capacity is obtained by extending the limit 
beyond 0.003. The reason for the maximum moment not occurring at E4 > 0.003 
at high levels of ultimate axial load are similar to those given in 
Section 7.2.1 for steel 7. 
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It was explained in Chapter:; that ultimate curvature increases 
as E increases. Since, as explained above, in certain regions of the 
u 
load-moment diagrams the maximum moment occurs at E4 > 0.003, greater 
ultimate curvatures are obtained by allowing a higher limit of E , 
u 
particularly at ultimate axial load levels around the balance point. This 
can be seen in Figs. 8.10 and 8.11. These figures show that as qt increases 
a greater increase in ultimate curvature is obtained because at higher values 
of ~ ultimate moment occurs at greater values of Eu' 
8.3. Steel 1 
Stress-strain curve for steel 1 is shown in Fig. 4.6. It was 
explained in Section 4.1.3 that this curve is one of the best that can be 
obtained for Grade 75 steel and meets the requirements of the 1963 ACI Coie 
as well as the ASTM A615 specifications. Although, as per ASTM specifica-
tions, this curve gives f = 92.5 ksi, according to the ACI Code, for design y 
purposes, this curve is equivalent to the flat-top curve 2 shown in 
Fig. 4.6 with f = 75 ksi. Therefore, the comparisons of the analyses of y' 
the section with steels 1 and 2 explained and discussed below will show 
the effects of the stress-strain curves of those steels which have f > 75 ksi y 
but for which the Code assumes f = 75 ksi. y 
8.3.1. Ultimate Concrete Strain Limited to 04003 
(a) Ultimate axial load levels below the balance point 
Figures 8.1, 8.2 and 8.3 show comparisons of load-moment diagrams 
for steel 1 with those for steel 2. These fi~~res show that, at ultimate 
axial load levels below the balance point, there is a considerable increase 
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in the ultimate capacity of the sectio~ with steel 1 as compared to that 
with steel 2 even at E = 0.003. This occurs because of the strain-
u 
hardening of steel 1, as was the case for steel 5 in Section 7.2.2. 
Figure 8.27 shows that, for all values of ~ except 2.0, the tension steel 
strains for steel 1 are in the strain-hardening region, while those for 
steel 2 are on the flat-plateau. Therefore, greater tension steel stresses 
and forces are obtained for steel 1 than for steel 2. This increased 
tension force is accompanied by increased' concrete and compression steel 
forces caused by an increase in the depth to the neutral axis, so that at 
equilibrium of forces greater moment is obtained for steel 1. This increase 
in moment decreases as ~ or P
u 
increases, as was true for steel 5, because 
the tension steel strain and hence stress decreases with increase in qt 
or P. Table 8.1 shows that with E = 0.003 and at P = 0, a maximum 
u u u 
increase of 29 percent in the moment occurs for steel 1 in comp3rison with 
steel 2 for ~ = 0.15. As ~ increases beyond 1.20, there is little or no 
increase in ultimate moment for steel 1 because the tension steel strains 
are not in the strain-hardening region. Similarly, as P
u 
increases to Pb ' 
the tension steel strain decreases to the yield strain for steel 2, and the 
same moment is calculated for both steels 1 and 2 when E = 0.003. 
u 
The increase in the moment for steel 1 at E = 0.003, as explained 
u 
above, is accompanied by a small decrease in the curvature of the section. 
This is shown in Figs. 8.10 and 8.11. The reason for this is similar to that 
explained in Section 7.2.2 for steel 5. 
(b) Ultimate axial load levels above the balance point 
If E is limited to 0.003, as is assumed in the ACI Code, at 
u 
ultimate axial load levels above the balance point, and for all values of ~ 
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considered in the analyses here, there is no difference between the 
ultimate moments and ultimate curvatures for steels 1 and 2. This is so 
.because, the tension and compression steel strains are in the elastic region, 
which is the same for both steels 1 and 2, and thus the same forces, moments 
and curvatures are obtained. 
8.3.2. Ultimate Concrete Strain Limited to 0.010 
(a) Ultimate axial load levels below the. balance point 
If the section is analyzed by the method of analysis explained 
in Chapter 3 with E limited to 0.01, greater tension and compression steel 
u 
strains are obtained than when E 
u 
0.003·. This has been explained in 
Chapter 5. Therefore, as for steel 5, at ultimate axial load levels below 
the balance point, greater ultimate moments and ultimate curvatures are 
obtained for steel 1 than for steel 2. These increases in ultimate moment 
and ultimate curvature decrease as the ultimate axial load increases. This 
is so because, for given values of Pt' f~ and ~, as has been explained in 
Chapter 5, the tension steel strain decreases as P increases, which reduces 
u 
the tension steel stress and force. Also, as explained in Chapter 5, the 
maximum moment occurs at a smaller value of E as P increases, which 
u u 
further reduces the tension and compression steel strains and hence stresses 
and forces. Furthermore, at high values of ~, bucklin~ of the compression 
bars becomes the governing criterion at E < 0.010 which limits the steel 
u 
strains and stresses. Consequently, the effect of strain-hardening of 
steel 1 is reduced as P increases and smaller increases in ultimate mo~ent 
u 
and ultimate curvature are obtained. 
As ~ is increased by decreasing f~, by increasing Pt or by 
changing both, the effect of strain-hardening of steel 1 is magnified, and 
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slight increases in the ratio of ultimate moments for steels 1 and 2, but 
large increases in the ratio of ultimate curvatures are obtained. This 
can be seen by comparing curves (a) and (d) in Figs. 8.1, 8.2 and 8.3 for 
moments, and in Figs. 8.10 and 8.11 for curvatures. The explanations for 
this are similar to those for steel 5 in Section 7.4.2. Table 8.3 gives 
the ratios of ultimate moments and ultimate curvatures for steel 1 to those 
for steel 2 at Pu = O. It can be seen in this table that, when ~ increases 
from 0.15 to 0.25 by decreasing f~ from 5000 to 3000 psi with Pt = 0.01, 
the ratio of ultimate moment for steel 1 totbat for steel 2 (M
ul/Mu2 ) 
remains constant and equal 1.34. This is so because, the compression steel 
strains are in the tensile elastic region for steel 2 for both values of 
~, but for steel 1 the compression steel strain is in the tensile elastic 
region for qt = 0.15 and in the compressive elastic region for ~ = 0.25. 
The effect of these compression steel strains on the relative moments for 
steels 1 and 2 is similar to that explained for steel 6 relative to steel 7 
in Sectio~ 7.4.3. When ~ is increased from 0.25 to 0.75 by changing both 
f~ and Pt , the ultimate moment ratio for steels 1 and 2 increases slightly 
from 1.3- :2 l.38 because, at ~ = 0.75, as shown in Table 8.2, the com-
pressio:-. ;::---"2':.::=... is in compression for both steels 1 and 2, and provides the 
required :~~re~se in the total compression force, and thus helps to increase 
the ultirr0:e ~o~ent caused by strain-hardening of the tension steel. This 
effect of co~pression steel is similar to that explained in detail for 
Grade 60 steel in Section 7.4.1. 
When ~ is increased further from 0.75 to 1.20, the ratio M
ul/Mu2 
decreases from 1.38 to 1.37. This occurs because, at these values of ~, 
the compression steel is in the strain-hardening region for steel 1, and 
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thus the compression steel stress increases at a smaller rate than that 
for steel 2 which is in the elastic region. Consequently, the compression 
steel 1 does not provide enough increase in total compression force and 
thus does not help in increasing the ultimate moment for steel 1 in the 
same proportion as does steel 2, and the ratio M
ul/Mu2 is reduced slightly. 
This effect of compression steel is also explained in detail in Section 7.4.1. 
If ~ is increased further, the ratio M
ul/Mu2 should decrease; 
but Table 8.3 shows that it increases as qt is increased from 1.20 to 2.0 
by reducing f~ from 5000 to 3000 psi, with Pt = 0.08. In this case, 
Table 8.2 shows that the ulttmate moments for steels 1 and 2 decrease 
because of the reduction in fl. But, with E = 0.003 for steel 2, the 
c u 
tension steel strain is in the elastic region at ~ = 2.0, and thus the 
tension steel stress and force are reduced, which causes a greater reduction 
in ultimate moment for steel 2 thap for steel 1, which is in the strain-
hardening region at both values of ~ 1.20 and 2.0 and its stress is 
reduced only slightly. Consequently, the ratio M
ul/Mu2 increases. If the 
ratio d'/t is sm~ll enough (S 0.177 as explained in Section 8.2), the tension 
steel strain for steel 2 will be on the flat-plateau, and thus the reduction 
in ultimate moment for steel 2 will be less than that for steel 1, and the 
ratio M
ul/Mu2 will decrease with increase in ~ from 1.20 to 2.0. 
The ratio of ultimate curvature for steel 1 to that for steel 2 
increases as ~ increases for the same reason as explained in Section 7.4.2 
for steel 5. 
(b) Ultimate axial load levels above the balance point. 
The moment-strain diagrams of Figs. 8.24, 8.25 and 8.26 show that, 
at ultimate axial load levels above the balance point, the maximum moment 
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for steel 1 occurs at E4 = EU > 0.003 for all values of ~, and that Eu 
increases as ~ increases. With steel 1 and E = 0.003, the compression 
u 
steel strains are in the elastic region, while the tension steel strains 
are in the tensile elastic region at lower levels of ultimate axial load 
above the balance point and in the compressive elastic region at higher 
load levels. It has been explained in Chapter 5 that the compression and 
tension steel strains increase as E4 is increased. Therefore, for steel 1 
with E4 > 0.003, the compression and tensIon steel forces are increased. 
Also, since klk3 decreases with increase in E4 beyond Em = 0.004, the 
compression force in the concrete is reduced at higher values of E4 which 
is compensated for by the increase in the compression steel force. Thus, 
the total tension and compression forces are increased. Furthermore, since 
the lever arm of the concrete force is less than that of the compression 
steel force at higher values of E4' the decrease in the moment caused by 
the reduction in the concrete force is more than compensated for by the 
increase in the moment of the compression steel force. 
Howeve~, as has been explained in Chapter 5, the depth to the 
neutral axis is increased with an increase in P
u 
and/or E4 . Since k2 
increases with increase in E4' the lever arm of the concrete force is 
reduced more at high values of E4, and there is more reduction in the 
moment of the concrete force than the total increase in the moment of the 
compression and tension steel forces, particularly when the compression 
steel strain is in the strain-hardening region so that the compression 
steel stress increases with strain at a smaller rate. Consequently, the 
total moment is reduced at high values of E4 depending on the level of the 
ultimate axial load. 
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With increase in ~ the compression and tension steels provide 
greater increase in the forces and moments relative to the reduction in 
the concrete force and its moment, and the maximum moment occurs at a 
greater value of E4 = EU· With increase in P , there is an increase in 
u 
the concrete force and in the depth to the neutral axis, and a greater 
decrease in the lever arm at high values of E4. All these factors result 
in a greater decrease in the moment of the concrete force than the increase 
in the moments of the steel forces. Consequently, the maximum moment occurs 
at a smaller value of E4 = EU. 
For higher values of ~, for w?ich the maximum moment occurs at 
greater values of E4' the compression steel strain is increased so much 
that buckling of the compression bars becomes the governing criterion 
for the ill tima te moment. For ~ 
ultimate axial load except at P 
u 
2.0, this is true at all levels of 
o. Even for the axial ,load with zero 
eccentricity, the increase in the steel forces with increase in the uniform 
strain (E4) is greater than the decrease in the concrete force, and the 
total axial loaj increases with increase in the strain. Thus, the ultimate 
axial load is ~&ke~ at the strain = 0.005 corresponding to buckling of the 
compressio~ b~~s, as explained in Section 3.3, and the axial load capacity 
with steel 1 ~£ g!"ea ter than that w,i th steel 2 by 5 percent as can be seen 
in Fig. 8.3. 
The moment-strain diagrams shown in Figs. 8.24, 8.25 and 8.26 
show that when the ultimate moment of the section is calculated for steel 1 
according to the method of analysis explained in Chapter 3, and for steel 2 
according to the provisions of the 1963 ACI Code, the increase in ultimate 
moment for steel 1 in comparison with steel 2 depends on the values of ~ 
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and P as does the value of E which is explained above. The moment 
u u 
increases with increase in qt but decreases with increase in P
u
' This can 
also be seen in Table 8.4 which gives the ultimate moments and their ratios 
for steels 1 and 2 at two levels of ultimate axial load above the balance 
point: 0·35 P02 and 0.60 P02 for steel 2. The ultimate moments for steel 1 
have been taken from Figs. 8.16, 8.17 and 8.18 at the same eccentricity 
(ratio of the ultimate moment to the ultimate axial load) as for steel 2. 
It can be seen in this table that, at higher load levels and with smaller 
values of ~, no increase in ultimate moment is obtained for steel 1. 
As explained above, the ultimate concrete strain E corresponding 
u 
to the ultimate moment for steel 1 is greater than that for steel 2, for 
which E is limited to 0.003. Therefore, greater ultimate curvatures are 
u 
obtained for steel 1 than for steel 2. This is shown in the load-curvature 
diagrams in Figs. 8.19 and 8.20. These figures show that the increase in 
ultimate curvature for steel 1 decreases as P increases because, as 
u 
explained above, E decreases more with increase in P for steel 1 than for 
u u 
steel 2. Comparisons of the load-curvature diagrams in Figs. 8.19 and 8.20 
show that when ~ is increased by decreaSing f~ at constant value of Pt' 
the ultimate curvature of the section at ultimate axial load levels above 
the balance point is little affected. But, when ~ is increased by increaSing 
Pt' a large increase in ultimate curvature is obtained, particularly at the 
high value of Pt = 0.08. This is so because of the high values of E for u 
Pt = 0.08, as can be seen in the moment-strain diagrams in Figs. 8.24, 8.25 
and 8.26. 
8.4. steel 3 
As explained in Section 4.1.3, the stress-strain curve for steel 3 
shown in Fig. 4.6 is typical of Grade 75 steels and gives a yield strength 
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for steel 3 of 88.2 ksi at a strain of 0.006 as per the ASTM A615-68 
specifications for Grade 75 steel. But, as explained in Section 4.1.2 J 
according to the 1963 ACI Code this curve is considered to have a yield 
strength of 75 ksi and, for the purpose of analysis and design, is con-
sidered equivalent to curve 2 shown in Fig. 4.6. Any stress-strain curve 
below that of steel 3 will not meet the requirements of the ACI Code. 
Therefore, in this section comparisons of the analyses will be made for 
steels 2 and 3 in order to investigate the effects of the realistic stress-
strain curve of reinforcement as compared to that assumed in the ACI Code. 
8.4.1. Ultimate Concrete Strain Limited to 0.003 
(a) Ultimate axial load levels below the balance point 
The load-moment diagrams in Figs. 8.4, 8.5 and 8.6 show that when 
E is limited to 0.003 the ultimate moment of the section calculated with 
u 
steel 3 is greater than that ~ith steel 2 at small values of ~, but it 
is less than that for steel 2 at high values of~. This is so because J as 
shown in Table 8.1 and Fig. 8.27, for small values of ~, the tension steel 
strains for steel 3 are in the strain-hardening region, which is above'the 
flat-plateau for steel 2, and thus gives greater tension steel stresses and 
forces and hence greater ultimate moments than for steel 2, for which the 
tension steel strains are on the flat-plateau. But, since the tension steel 
strain decreases as ~ increases, for high values of ~ obtained with 
Pt = 0.08, the tension steel strains are in that region of the stress-strain 
curve for steel 3 which lies below that for steel 2. Thus, smaller tension 
steel stresses and forces are obtained which give smaller moments for steel 3 
than for steel 2. 
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With small values of qt' the increase in the moment for steel 3 
decreases as P increases because, as explained in Chapter 5, the tension 
u 
steel strain decreases with increase in P At P = 0, Table 8.1 shows 
u u 
that the maximum increase of 27 percent occurs for the minimum value of 
qt 0.15· Since the stress-strain curve for steel 3 is similar in shape 
to that for steel 1 but lies slightly below it, slightly smaller tension 
steel stresses are calculated with steel 3 which result in slightly smaller 
increase in moment for steel 3 than for s'teel 1, as can be seen in 
Table 8.1. 
As explained in Section 7.2.2 for steel 5, with E 
u 
0.003, the 
increase in moment for steel 3 as compared to that for steel 2 occurs with 
small decrease in curvature. This is shown by the load-curvature diagrams 
') 
of Figs. 8.12 and 8.13 and by the values given in Table 8.1. 
(b) Ultimate axial load levels above the balance' point 
Figures 8.4, 8.5 and 8.6 show that, at ultimate axial load levels 
above the balance point, smaller ultimate capacity of the section is cal-
culated for steei 3 than for steel 2, when E is limited to 0.003 for both 
u 
steels. This occurs because the compression steel strains for steel 3 are 
in that region of the stress-strain curve which lies below that for steel 2 
and thus smaller compression and/or tension steel stresses and forces are 
calculated which result in smaller moments for steel 3 than for steel 2. 
This has been explained in detail for steel 8 in Section 7.2.3. This 
reduction in the ultimate capacity with steel 3 is magnified as ~ is 
increased by changing Pt and/or f~. By comparing the load-moment diagrams 
for steel 3 with those for steel 2 in Figs. 8.4, 8.5 and 8.6, it is found 
that the maximum decrease of 9 percent in the ultimate capacity occurs for 
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steel 3 with ~ = 2.0. This comparison of ultimate capacity is made at 
the same eccentricity for both steels 2 and 3. 
The load-curvature diagrams in Figs. 8.12 and 8.13 show that, at 
ultimate axial load levels above the balance point, there is little dif-
ference in the curvatures of the section with steels 2 and 3 when E is 
u 
limited to 0.003. Since, as explained above, the compression steel stress 
for steel 3 is less than that for steel 2, there is a slight increase in 
the depth to the neutral axis for steel 3'which increases the compression 
steel and concrete forces, as explained in Chapter 5. Therefore, actually 
there is a slight reduction in the curvature of the section with steel 3, 
but this is too small to be shown on the load-curvature diagrams. 
8.4.2. Ultimate Concrete Strain Limited to 0.010 
(a) Ultimate axial load levels below the balance point 
Comparisons of the load-moment diagrams in Figs. 8.16, 8.17 and 
8.18, and of load-curvature diagrams in Figs. 8.19 and 8.20 show that, at 
ultimate axial load levels below the balance point, the effect of the 
stress-strain curve of steel 3 in increasing the ultimate moment and 
ultimate curvature of the section calculated according to method of analysis 
explained in Chapter 3, is similar to that of steel 1, which has been 
explained in Section 8.3.2. However, since the stress-3train curve for 
steel 3 lies slightly below that for steel 1 between the strains 0.00145 and 
0.01500, when the steel strains lie in this region of the stress-strain 
curve, slightly smaller increase in the ultimate moment is obtained for 
steel 3 than for steel 1. This is shown in the moment-strain diagrams in 
Figs. 8.21, 8.22 and 8.23. 
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Figure 8.28 shows that, at Pu = 0 and ~ = 0.15 and 0.25, the 
tension and compression steel strains are in that region of the stress-
strain curve which is the same for steels 1 and 3. Therefore the same 
increases in ultimate moment and ultimate curvature are obtained for both 
steels 1 and 3 in comparison with steel 2, as shown in Table 8.2. As ~ 
increases, the tension steel strain decreases while the compression steel 
strain increases, so that at higher values of qt and/or P
u 
both tension 
and compression steel strains lie in that region of the stress-strain curve 
in which steel 3 gives smaller stress than steel 1. Thus, in comparison 
with steel 2, slightly smaller increase in ultimate moment is obtained for 
steel 3 than for steel 1, as shown in Figs. 8.16, 8.17 and 8.18, and in 
Table 8.2. 
The load-curvature diagrams given in Figs. 8.19 and 8.20 show 
negligible difference between the ultimate curvat~res of the section for 
steels 1 and 3 because the ultimate moments for these steels occur at 
almost the same ultimate concrete strains. Therefore, the effect of the 
stress-strain curve for steel 3 in comparison with steel 2 is similar to 
that for steel 1 as explained in Section 8.3.2. 
(b) Ultimate axial load levels above the balance point 
The moment-strain diagrams for the section with steel 3 (Figs. 8.24, 
8.25 and 8.26) show that, as was true for steel 1, the value of E4 = EU at 
which ultimate moment occurs, depends on the values of qt and P
u
. At lower 
levels of ultimate axial load above the balance point, the ultimate moment 
occurs at considerably greater values of Ethan 0.003 so that, as for steel 1, 
u 
greater steel strains, stresses and forces are obtained for steel 3 in COID-
parison with steel 2 for which E = 0.003. Consequently, greater ultimate 
u 
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capacity is obtained for steel 3 as compared to steel 2. Table 8.4 shows 
that at P
u 
= 0·35 P02 for steel 2, the ratio of ultimate moment for steel 
to that for steel 2 (M
u3/Mu2 ) is more than 1.0 for all values of <It; and 
this ratio increases with increase in ~, as was the case for steel 1 
explained in Section 8.3.2. But, because the stress-strain curve for 
steel 3 lies below that for steel 1, smaller increase in ultimate capacity 
is obtained for steel 3 and the values of MU3/MU2 are smaller than those 
of M
ul/Mu2 . The difference between these moment ratios increases as ~ 
increases because the tension and compression steel strains are pushed 
towards that region of the stress-strain curve where curve 3 deviates more 
from curve 1, and also because the effect of the stress-strain curve is 
magnified with increase in ~. 
As P increases, E decreases for steel 3 and thus the steel 
u u 
strains, stresses and forces are reduced and less and less increase in 
ultimate moment is obtained for steel 3 in comparison with steel 2. At 
higher load levels, since the steel strains are in that region of the 
stress-strain curve for steel 3 which lies below that for steel 2, smaller 
ultimate moment is obtained for steel 3 than for steel 2, and the ratio 
MU3/MU2 is less than 1.0. As ~ is increased at higher levels of P
u
' the 
effect of reduced steel stresses is magnified and the ratio MU3/Mu2 should 
decrease. Table 8.4 shows that, at P 
u 
0.60 P02 for steel 2, this is 
3 
true when ~ increases from 0.15 to 0.25 with Pt = 0.01; however, for further 
increases in ~, the ratio increases as it did for lower levels of ultimate 
axial load. This is so because, at higher values of ~, greater values of 
E are obtained which result in greater steel strains and stresses, and 
u 
hence greater moments, for steel 3 than for steel 2 for which E = 0.003. 
u 
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At still higher values of P , E is further reduced, and a 
u u 
greater decrease in the ratio of ultimate capacities with steels 3 and 2 
is obtained. This effect of the stress-strain curve in reducing the 
ratio MU3/MU2 prevails up to greater values of ~ with an increase in P
u
' 
Although the reduction in ultimate capacity is small, the maximum reduction 
occurs at P
u 
~ 0·90 P02 and ~ = 0·75, and amounts to 5 percent as can be 
seen by comparing Figs. 8.4, 8.5 and 8.6. 
The load-curvature diagrams in 'Figs. 8.19 and 8.20 show that, at 
ultimate axial load levels above the balance point, there is practically 
no difference between the ultimate curvatures of the section with steels 1 
and 3 when E is limited to 0.010, as was also the case at ultimate axial 
u 
load levels below the balance point. Consequently, the effect of the 
stress-strain curve for steel 3 is similar to that for steel 1 explained 
in Section 8.3.2. 
8.5. Steel 4 
It has been explained in Section 4.1.3 that the stress-strain 
curve for steel 4 shown in Fig. 4.6 represents the Imier bound of the 
curves that meet the ASTM A615-68 specifications for Grade 75 steel. The 
specified minimum yield strength of 75 ksi is reached at the specified 
strain of 0.006. But, as explained in Sections 4.1.2 and 4.1.3, this curve 
does not meet the requirements of the 1963 ACI Code for use as a flat-top 
steel having f y 75 ksi. Therefore, the analyses of the section with 
steel 4, which are discussed and explained below in comparison with steels 1, 
2 and 3, will show the effects of the stress-strain curves of the reinforcing 
bars that meet the ASTM specifications but not the ACI Code provisio~s. 
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8.5.1. Ultimate Concrete Strain Limited to 0.003 
Comparisons of the load-moment diagrams for the section with 
i 
steels 4 and 2 in Figs. 8.7, 8.8 and 8.9 show that, when E is limited 
u 
to 0.003, the ultimate capacity of the section with steel 4 is smaller 
than that for steel 2 at all levels of ultimate axial load, and with all 
values of ~ used in these analyses, except for very small values of ~ 
in combination with very low levels of ultimate axial load. This is so 
because, the tension and/or compression steel strains for steel 4 are in 
that region of the stress-strain curve for steel 4 which is below that for 
steel 2 and which gives smaller steel stresses and forces and hence smaller 
moments for steel 4. However, as shown in Fig. 8.27, at P = 0 with 
u 
~ = 0.15 and 0.25, the tension steel strains are in that region of the 
stress-strain curve for steel 4 which lies above the flat-plateau for 
steel 2, while the compression steel strains are in the elastic region 
which is the same for both steels 2 and 4. Therefore, greater moments are 
obtained with steel 4 than with steel 2. Table 8.1 shows that the maximum 
increase of 12 p~rcent in the moment of the section with steel 4 as compared 
to steel 2 occurs for ~ = 0.15 and P
u 
= O. 
As P
u 
or ~ increases, the tension steel strains decrease while 
the compression steel strains increase so that both are pushed towards that 
region of the stress-strain curve for steel 4 which deviates more from that 
for steel 2, and thus greater reductions in steel stresses are obtained 
with conse~uent greater reductions in the moments with steel 4. When ~ is 
increased by increasing Pt' this effect of the stress-strain curve for 
steel 4 in reducing the capacity at E = 0.003 is magnified. The maximum 
u 
reduction in capacity is about 15 percent which occurs as the case of zero 
eccentricity is approached for Pt = 0.08 and f~ = 3000 psi (~t = 2.0). 
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Comparison of the load-curvature diagrams shown in Figs. 8.14 
and 8.15 shows that there is little difference in the curvature of the 
section with steels 2 and 4 because E is the same (0.003) for both steels. 
u 
However, at very low levels of ultimate axial load, the increase in 
ultimate moment for steel 4 with very small values of ~, as explained 
above, is accompanied by a very small decrease in the curvature for the 
same reason as has been explained for steel 5 in Section 7.2.2. Similarly, 
with higher values of ~, the decrease in the moment at very low 
levels of ultimate axial load is accompanied by a very small increase in 
the curvature. 
8.5.2. Ultimate Concrete Strain Limited to 0.01 
The moment-strain diagrams in Figs. 8.21 through 8.26 show that 
the maximum moment of the section with steel 4 occurs at substantially 
grea ter values of E4 = EU than 0.003 and, as was 'explained for steels 1 
and 3 in Sections 8.3 and 8.4, Eu increases with increase in ~ but 
decreases '\.;ri tt i!1crease in P . 
u 
At l::",·;er levels of ultimate axial load, the moment-strain diagrams 
continue t:::: :<sc 'v:it,h increase in E4 so that the higher limit on Eu results 
in greate:- "~::':~'.::O:; moments with steel 4 than with steel 2 for which 
E = 0.00), :::.:: ',:::'= :::rue for steels 1 and 3 as explained in Sections 8.3 
u 
and 8.4. ECi-;e"::::y, this increase in ultimate moment is much smaller for 
steel 4 than·ttat for steels 1 and 3, because the stress-strain curve for 
steel 4 lies well below those for steels 1 and 3 in the region above 75 ksi. 
Since stress-strain curve for steel 4 is similar in shape to that for 
steel 8 (Grade 60), the effect of stress-strain curve for steel 4 on the 
ultimate moment and ultimate curvature of the section is also similar to 
that for steel 8 explained in Section 7.3. 
At p = 0, the ratio of ultimate moment of the section with 
u 
steel 4 to that with steel 2 (M
u4/Mu2 ) given in Table 8.3 decreases with 
increase in ~, as was the case for steel 8 explai~ed in Section 7.4. 
Table 8.3 shows that, for steels 1 and 3, the ultimate moment ratios 
increase slightly with increase in ~ up to 0.75, but this is not true for 
steel 4 because the shape of stress-strain curve for steel 4 is such that 
at ~ 0.75, the compression steel strains give smaller stresses for 
steel 4 than for steel 2 whereas greater compression steel stresses are 
obtained for steels 1 and 3. This reduction in the ratio Mu4/Mu2 because 
of the effect of the compression steel is similar to that explained in 
Section 7.4.1 for Grade 60 steels. However, the ratio Mu4/Mu2 for ~ = 2.0 
is greater than that for ~ = 1.20 for the same reason as explained in 
Sections 8.2 and 8.3 for steels 1 and 3. 
Table 8.4 shows that, at Pu = 0·35 P02 ' the ratio Mu4/Mu2 
increases with increase in ~, whereas at P
u 
= 0.60 P02 ' it decreases with 
increase in ~, as was the case at P
u 
O. This is explained below. 
The ultimate axial load level P
u 
= 0·35 P02 is in that regio~ 
of the load-moment diagram (above the balance point) where the compressio~ 
steel plays an important role in resisting the external forces. With E 
u 
limited to 0.003 for steel 2, the compressio~ steel strain is in the 
elastic region so that the compression steel stress is less than f and, y 
as explained in Section 8.2.1, considerable reduction in ultimate moment is 
obtained for the section wath steel 2, and this reduction increases with 
increase in~. For steel 4 also, the compression steel strains are such 
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that they give smaller steel stresses (less than f') because of the shape y 
of the stress-strain curve. However, the greater value of E for steel 4 
u 
increases the steel strains and stresses so that the maximum (ultimate) 
moment is obtained with steel stresses still less than f' but slightly Y 
greater than those for steel 2, and thus greater ultimate moment is obtained 
with steel 4 than with steel 2. At the very small value of ~ = 0.15, ~ is 
also small (close to 0.003) so that the steel strains and stresses are not 
increased enough for steel 4, and the ratio Mu4/Mu2 = 0.99. As ~ increases, 
E increases for steel 4 and thus steel strains and stresses increase, 
u 
but for steel 2 the. steel strains and stresses decrease rapidly with 
increasing ~ so that greater differences are obtained between the ultimate 
moments for steels 2 and 4, and the ratio Mu4/Mu2 increases. However, if a 
higher limit on E is allowed for steel 2 also, or if the ratio d'/t is small 
u 
enough, the compression steel will yield and the compression steel stress 
for steel 2 will be greater than that for steel 4 and the ratio Mu4/Mu2 
will decrease with increase in ~, and will be less than 1.0. 
Since the compression steel strain is increased as P increases, 
u 
if E is limited to 0.003 for steel 2, at high levels of ultjEate axial 
u 
load the compression steel stress is either equal to or only slightly less 
than fl and the limitation of E to 0.003 results in no or only slight y u 
reduction in ultimate moment with increase in~. But, for steel 4, not only 
is EU reduced with increase in P
u 
but also, at high levels of ultimate axial 
load, the compression steel strains are in that region of the stress-strain 
curve which gives smaller steel stresses than those for steel 2, and large 
reductions in steel stresses and forces are obtained with increase in ~ 
for steel 4 as compared to steel 2. Therefore, the ratio Mu4/Mu2 decreases 
with increase in ~t' Table S.4 shows that, at Pu = 0.60 P02 ' the ultimate 
moment of the section with steel 4 is smaller than that with steel 2 for 
all values of ~. Although, at this load level the difference is small, 
it increases with increase in P
u 
and ~ so that the maximum difference of 
14 percent is obtained at the ultimate axial load with zero eccentricity 
at ~t = l.20. 
Figure 8.9 shows that when ~ is increased from 1.20 to 2.0 by 
decreasing f~ from 5000 to 3000 psi with 'Pt = O.oS, less reduction in the 
ultimate axial load for zero eccentricity is obtained with steel 4 (P04)' 
and the ratio P04/P02 for ~ = 2.0 is greater than that for ~ = 1.20. 
This is explained below. 
The maximum (ultimate) axial load for zero eccentricity with 
steel 2 (P02 ) occurs at a strain = Ey = 0.0025. For steel 4, the shape of 
the stress-strain curve is such that the stress and hence the force in the 
steel continues to increase with increase in strain. But the force in the 
concrete decreases with increase in strain beyond EO = 0.002~ For 
f' = 3000 psi, the reduction in concrete force with increase in strain is 
c 
smaller thaD t~at for f~ = 5000 psi. For ~ 2.0, the increase in the 
steel force iz ;~eater than the reduction in the concrete force and the 
total force 2'::-.:.i.r:ues to increase with increase in strain, ,so that the 
ratio P04/P02 :c:-.:inues to increase. The maximum value of total force 
occurs at a str~in of 0.006. But P04 is taken at a strain of 0.005 corre-
sponding to buckling of the compression bars. However, for ~ = 1.20, 
because of the greater reduction in concrete force, the maximum value of 
total force occurs at a strain of 0.0035, and P04 is not increased as much 
beyond the strain of 0.0025 for steel 2 as it is for ~ = 2.0. Conse~uently, 
the ratio P04/P02 for ~ = 2.0 is greater than that for qt = 1.20. 
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It can be seen from the load-curvature diagrams in Figs. 8.19 
and 8.20 that a large increase in ultimate curvature is obtained for the 
section with steel 4 in comparison with steel 2, particularly at lower 
levels of ultimate axial load, because of the greater value of E for 
u 
steel 4, as was the case for steels 1 and 3 explained in Sections 8.3 and 
8.4. Figures 8.19 and 8.20 also show that there is practically no difference 
between the ultimate curvatures of the section with steels 1, 3 and 4 at all 
levels of ultimate axial load and for all values of~. However, Fig. 8.19 
shows that, at ~ = 0.15 and at very low levels of ultimate axial load, 
steel 4 gives greater ultimate curvature than steels 1 and 3. This is so 
because, as can be seen in Fig. 8.28, at P 
u 
0, Eu and E2 are greater for 
steel 4 than for steels 1 and 3 which results in greater ultimate curvature, 
as explained in Section 7.2.2. However, the moment-strain diagrams for 
steels 1, 3 and 4 shown in Fig. 8.21 become quite flat, particularly for 
steel 4, and the ultimate moments for steels 1, 3 and 4 could have been 
taken from the curves at the same value of E4' instead of at the point of 
"maximumTl moment) with little noticeable effect on the values obtained. If 
this were done, the ultimate curvatures would be almost the same. 
8.6. Summary 
In this chapter, the analyses for a 15-in. square reinforced 
concrete section provided with ASTM A615-68 Grade 75 steel have been 
presented in the form of load-moment and load-curvature diagrams. The 
stress-strain curves for the reinforcement used in the analyses are given 
in Fig. 4.6. The variables considered in the analyses are given in 
Section 8.1. The effects of these stress-strain curves on the strength and 
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behavior of the section are discussed and explained in Sections 8.2 
through 8.5. These are summarized below. 
(a) Ultimate moment 
If the section is analyzed with the ultimate concrete strain E 
u 
limited to 0.003 in accordance with the provisions of the 1963 ACI Code, 
at ultimate axial load levels below the balance point and for very small 
values of ~ = Ptfy/f~, the tension steel strains for steels 1, 3 and 4 
reach that portion of the stress-strain curve which lies above the conven-
tional flat-plateau, and thus greater tension steel stresses are obtained 
which give greater moments than when the .flat-top stress-strain curve 
(for steel 2) is assumed in the analysis. This increase in moment capacity 
is a maximum for steel 1 at P = 0 (pure moment), and amounts to 29 percent 
u 
for ~ = 0.15. It decreases as the ultimate axial load and/or the valu~ of 
qt increases. At high values of ~, the tension steel strains are close 
to or less than the yield value for the flat top steel 2, and in this 
region the stress-strain curve for steel 1 gives very little or no increase 
in stress as compared to steel 2. Thus, very small or no increase in moment 
is obtained for steel 1. But, for steels 3 and 4, the tension steel strains 
lie in that region of the stress-strain curve which is below that for the 
flat-top steel 2. Thus, smaller steel stresses and moments are obtained 
with steels 3 and 4 than with steel 2. A similar effect is obtained when 
P
u 
is increased. At the balance point, steels 1 and 2 give the same moment, 
but smaller moments are obtained with steels 3 and 4. 
At ultimate axial load levels above the balance point, compression 
steel plays a greater role in resisting the ultimate axial load and bending 
moment. Since, with E = 0.003, the compression steel strains are in the 
u 
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elastic region or only slightly greater than the yield strain (for the 
flat-top steel 2), almost the same steel stresses are obtained for steels 1 
and 2, and thus the same moments are calculated with these steels. But, 
for steels 3 and 4, and with E = 0.003, the compression steel strains lie 
u 
in that region of the stress-strain curve which is below that for the 
flat-top steel. Thus, smaller compression steel stresses and hence smaller 
moments are obtained with steels 3 and 4 as compared to the flat-top steel 2. 
Since the stress-strain curve of steel 4 'lies further below that of steel 2 
than does the curve for steel 3, greater reduction in the capacity is 
obtained with steel 4 than with steel 3. This reduction in ultimate 
capaci~ with steels 3 and 4 increases with increase in ~ and/or P
u
. The 
maximum reductions of 9 and 15 percent are obtained with steels 3 and 4, 
respectively, for ~ = 2.0. 
With Eu limited to 0.003, steel 4 gives smaller ultimate capacity 
than the flat-top steel 2, for all values of ~ and all levels of ultimate 
axial load, except for very low load levels in combination with very small 
values of ~, in. which case greater ultimate capacity is obtained with 
steel 4 as explained above. 
If a higher limit on ultimate concrete strain E is permitted in 
u 
the analysis, at ultimate axial load levels below the balance point, little 
effect is obtained on the capacity with steel 2, because the tension steel 
stress remains constant at f y . But, for very high values of ~, when the 
tension steel strains at E = 0.003 are in the elastic region, increase in 
u 
the value of E increases steel strains, stresses and forces, and thus 
u 
results in greater ultimate capacity. However, for steels 1, 3 and 4 which 
have a portion of their stress-strain curve above the flat-plateau for 
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steel 2) the higher limit on E results in considerable increase in steel 
u 
stresses and hence in ultimate capacity. The maximum increase is obtained 
with steel 1 and the minimum with steel 4. This increase in ultimate 
capacity depends on the values of P
u 
and ~. With increase in P ) the 
u 
increase in ultimate capacity is reduced) but with increase in ~t it is 
increased for steels 1 and 3 up to a certain value of ~ when the compres-
sion steel can provide re~uired increase in the compression force to 
compensate for the reduction in the concrete force and to match the increased 
tension force. However) for steel 4) the capacity decreases with increase 
in both P and 
u ~. At P = 0) comparison of ultimate moments with E = 0.010 u u 
for steels 1) 3 and 4 with that for steel 2 and E = 0.003 (in accordance 
u 
with the 1963 ACI Code) shows that maximum increases of 38) 36 and 19 per-
cent in the ultimate moment are obtained for steel 1) 3 and 4) respectively) 
when the tension steel 2 yields at E ~ 0.003. But) if the tension steel 2 
u 
does not yield at E = 0.003 and P = 0) still greater increases in ultimate 
u u 
moment will be obtained for steels 1) 3 and 4. 
At ultimate axial load levels above the balance point) the 
compression steel strain depends on the values of ~ and P
u
' For higher 
levels of P
u 
and smaller values of ~) the compression steel 2 will yield 
at E 
U 
0.003· But for lower levels of P
u 
and/or greater values of ~ it 
may not yield at E = 0.003) in which case increase in the limit on E 
u u 
increases the compression steel strain and stress) and hence the ultimate 
capacity until the compression steel yields. Similarly) for steels 1) 3 
and 4) a higher limit on E up to 0.010 gives greater ultimate moments at 
u 
lower levels of P than with E 
u u 0.003. At higher levels of P ) the u 
increase in ultimate capacity due to increase in E depends on the value 
u 
Of~. With higher values of ~, the ultimate capacity increases but 
little increase is obtained with small values of qt. 
Comparisons of ultimate capacities of the section at P
u 
> Pb ' 
for steels 1, 3 and 4 at E < 0.010 with those obtained for the flat-top 
u-
steel 2 at E < 0.003 (ACI Code) show that: (1) Steel 1 gives the same 
u-
capacity as steel 2 at high levels of ultimate axial load in combination 
with small values of ~, but gives greater ultimate capacity at lower levels 
of P
u 
with all values of ~, and at higher levels of P
u 
only with higher 
values of~. (2) Steel 3 gives greater capacity than steel 2 at lower 
levels of P but smaller capacity at higher levels of P. The level of P 
u u u 
above which steel 3 gives reduced capacity increases with increase in qt. 
(3) Steel 4 gives smaller capacity than steel 2 at higher levels of P for 
u 
all values of ~, and at lower levels of P
u 
for small values of ~, but for 
higher values of ~ and lower levels of.P
u 
it gives greater capacity than 
steel 2. 
(b) Ultimate curvature 
When the ultimate concrete strain E is limited to 0.003, 
u 
practically the same ultimate curvature is obtained for the section with all 
of the steels 1, 2, 3 and 4, except at very low levels of ultimate axial 
load in combination with small values of ~, in which cases very slight 
reduction in ultimate curvature for steels 1, 3 and 4 accompanies the 
increase in ultimate capacity owing to the effect of that portion of the 
stress-strain curve which lies above the flat-plateau for steel 2. 
For a higher limit on E , large increases in ultimate curvature 
u 
are obtained for steels 1, 3 and 4 as compared to steel 2, because the 
ultimate moments with steels 1, 3 and 4 occur at greater values of EU than 
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with steel 2. Comparisons of the ultimate curvatures for steels 1, 3 
and 4, with E < 0.010, and for steel 2 with E < 0.003 (ACI Code) show 
u- u-
that little difference in ultimate curvatures is obtained with steels 1, 
3 and 4 but in all cases these ultimate curvatures are much larger than those 
for steel 2, particularly at lower levels of ultimate axial load. The 
ultimate curvatures decrease with increase in P for all steels; but greater 
u 
decrease is obtained with steels 1, 3 and 4 because of the decrease in E 
u 
for these steels. At lower levels of ultimate axial load, the increase in 
the value of ~ results in a decrease in the value of ultimate curvature 
for all steels, but greater reduction is obtained for steel 2 than for the 
steels 1, 3 and 4. At higher levels of ultimate axial load, with increase 
in ~ obtained by increasing Pt , the ultimate curvature again decreases for 
steel 2 but increases for steels 1, 3 and 4 due to increase in E for these 
u 
steels, but the increase in ~ obtained by decreasing f~ at constant value 
of Pt has negligible effect on the ultimate curvature with all steels. 
9. ANALYSES OF REINFORCED CONCRETE SECTIONS 
CONSIDERING CREEP EFFECTS 
9.1. Introduction 
In this chapter, the same 15-in. square reinforced concrete section 
which was selected for analyses in Chapters 7 and 8 is analyzed to obtain 
load-moment and load-curvature diagrams with a stress-strain curve of con-
crete so modified as to represent the effect of creep of concrete. 
In Section 9.2, the member is considered to have been loaded con-
tinuously up to failure at such a slow rate that the creep of concrete occurs 
simultaneously as the loading progresses. Consequently, the short-time stress-
strain curve for concrete is modified to consider the creep of concrete as 
explained in Section 9.2.1. 
In Section 9.3, the member is considered to have been loaded up 
to working conditions in a short time, this load is sustained for a desired 
period of time to allow the concrete to creep, and then the member is further 
loaded in a short time up to failure. The modifications which are necessary 
to obtain the stress-strain relationship for concrete for these conditions 
of loading are explained in_Section 9.3.1. 
In each of Sections 9.2 and 9.3, the reinforcing bars which satisfy 
both the ASTM specifications and the ACI Code requirements for Grade 60 and 
Grade 75 steels are considered in the analyses. For the parpose of analyses 
in this chapter steels 5, 6 and 7 shown in Fig. 4.5 were selected for Grade 60 
steel and steels 1, 2 and 3 shown in Fig. 4.6 for Grade 75 steel. The basis 
of selection of these steels is given in Section 4.1.3. 
Two values of Pt 0.01 and 0.08, and one value of f' = 3000 psi, 
c 
have been considered. For the analyses with Grade 60 steels (fy = 60 ksi), 
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these values of Pt and f~ give ~ = Ptfy/f~ = 0.20 and 1.60, and for 
Grade 75 steel (fy = 75 ksi), they give ~ = 0.25 and 2.00. 
The results of analyses are presented in the form of figures 
and tables which are discussed and explained in Sections 9.2 and 9.3. 
9.2. Slow Loading 
9.2.1. Stress-Strain Relationship for Concrete 
In this section, analyses are presented for the member which is 
loaded continuously and slowly up to failure so that the concrete creeps 
as the loading progresses. Conse~uently, the stress-strain curve for 
concrete representing the short-time loading condition (Fig. 4.11) is 
modified on the basis of the following considerations: 
(1) Because of the continuous loading of the section, a con-
tinuous concrete stress-strain curve is used. 
(2) The general effects of creep of concrete are to increase 
concrete strain at a given stress, and to decrease the strength of concrete. 
The former reduces the modulus of elasticity of concrete and'thus makes the 
stress-strain curve flatter, while the latter reduces the value of the 
ff O 0 t k-. for f!! = k f! . coe lClen) c 3 c 
(3) The above effects of creep depend on several factors such 
as the quality of concrete, types of aggregates and cement, water-cement 
ratio, stress level, amount of reinforcement in compression, and most 
important of all, the rate of loading. 
(4) RUsch (14) has reported stress-strain curves for concrete 
obtained from tests of prisms at various rates of loading. These curves 
show that as the rate of loading decreases the strain EO corresponding to 
the maximum stress increases while k3 decreases. 
(5) Green (8) has proposed a time-dependent logarithmic 
equation for the stress-strain curve of concrete from zero strain to EO' 
and has assumed a straight-line relationship for strains beyond EO which 
is similar to the short-time stress-strain curve used by him. 
(6) The purpose of the analyses here is not to recommend a 
stress-strain relationship for concrete, which would consider all the 
factors that affect creep of concrete, but to utilize the available informa-
tion and reproduce a reasonable stress-strain relationship for concrete, 
in order to investigate the effects of the stress-strain curve of reinforce-
ment on the strength and behavior of reinforced concrete sections under 
various combinations of axial load and bending moment. Since the method of 
analysis explained in Chapter 3 utilizes any shape of the stress-strain 
curve, it is possible to use any stress-strain relationship which can be 
considered to represent reasonably well the actual loading rate and 
material properties. 
The stress-strain curve shown in Fig. 9.1 has been used in these 
analyses. It gives very nearly the same stress-strain relationship as 
proposed by Green (8) for a loading period of one year, but with k3 = 0.75 
instead of 0.81 as assumed.by Green. Since, the columns tested by Green 
were cast horizontally, the value of k3 for short-time tests was assumed 
by him to be 0.95 instead of 0.85 assumed here for vertically cast columns. 
Consequently, a smaller value of k3 has also been assumed here for the slow 
tests of vertically cast columns. The stress-strain curve shown in Fig. 9.1 
can be represented approximately by the following equation which is similar 
to that proposed by Todeschini (7) for short-time loading, and used here for 
analyses in Chapters 7 and 8. 
f 
c 
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= (1+B)k3f~(EC/EO) 
1 + B( EC/ EO)2 
where B = 1.0 and k3 = 0.85 give the stress-strain curVE: "A" for short-time 
test with EO = 0.002 as shown in Fig. 4.11. 
For a slow and continuous loading, the values of EO' ~ and B 
can be modified depending on the factors mentioned above. For one year 
period of loading, it was assumed that EO = 0.006 (three times the value 
for short time), k3 = 0.75 and B = 0.8. For other loading rates, other 
reasonable values of EO' k3 and B could be used to obtain the stress-strain 
curve. Except for B = 1.0, the above equation gives maximum stress at 
EC > EO· However, since the method of analysis here uses a stress-strain 
relationship represented by straight lines connecting discrete points on 
the curve, it is assumed that a straight line connects the points on the 
curve given by the above equation between the strains EO and EO/B. This 
ensures that the maximum stress is obtained at EO' The curve obtained by 
the above equation for slow loading will be designated as curve "B. IT 
9.2.2. ASTM Grade 60 Steel 
Figures 9.2 and 9.3 show comparisons of load-moment diagrams 
obtained for steels 5, 7 and 8 by the method of analysis explained in 
Chapter 3, in accordance with the criteria for ultimate capacity explained 
in Section 3.3. Similarly, Fig. 9.4 shows load-curvature diagrams 
at ultimate capacity. 
It can be seen from the load-moment diagrams that, at low levels 
of ultimate axial load, considerable increase in ultimate moment is obtained 
for steels 5 and 8 in comparison with flat-top steel 7. Tnis is so because 
the tension steel strains at ultimate capacity are in such a region of the 
stress-strain curve that greater steel stresses are obtained for steels 5 
and 8 than for steel 7. This was also true for the case of short-time 
loading of the specimen as explained in Chapter 7. However, greater 
increase in ultimate capacity is obtained particularly with a small value 
of Pt by loading the specimen slowly than in the case of short-time 
loading (Chapter 7) in spite of the fact that the strength of concrete 
(k3ft) is reduced for the slow loading, and the same limit on E = 0.010 
. c u 
is allowed for all these steels. This is explained below. 
Comparison of Tables 9.1 and 7.2 shows that, at P = 0, almost 
u 
the same ultimate moment is calculated for steel 7 with the short-time 
stress-strain curve for concrete (curve A) and the slow-loading curve 
(curve B), whereas greater ultimate moments are obtained for steels 5 and 8 
with concrete curve B than with curve A.. It can also be seen in these 
tables that the steel strains, particularly the tension steel strains, are 
such that there is very little difference between the steel stresses for 
the two concret~ curves. However, there is a considerable increase in the 
lever arm of the concrete force for curve B because of the smaller value 
of the coefficient k2 , as can be seen by comparing Figs. 4.12 and 9.1. 
This results in a considerable increase in the moment of the concrete force 
for the cases of curve B with steels 5 and 8. 
The moment-strain curves shown in Figs. 9.5 and 9.6 continue to 
rise as the concrete strain in the extreme compression fiber E4 is increased, 
particularly at ~ow levels of ultimate axial load. This was also true for 
the case of concrete curve A as explained in Chapter 7. However, for concrete 
curve B, the value of klk3 continues to increase with increase in E4 so that 
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the ~.oncrete force increases with increase in E4. Since the compression 
ana tension steel strains increase with increase in E4 (see Chapter 5), 
the tension and compression steel forces also increase unless the strains 
are on the flat-plateau of the stress-strain curve. Thus, the total 
tension and compression forces continue to increase. Also, since the 
coefficient k2 increases with E4 at a smaller rate for curve B than for 
curve A, the reduction in lever arm of the concrete force with increase in 
E4 is much smaller for curve B. Consequently, the moment-strain curves 
continue to rise with increase in E4' 
At higher levels of ultimate axial load, very small increase in 
ultimate capacity is obtained for steels 5 and 8 as compared to the flat-
top steel 7. Contrary to this, as explained in Chapter 7 for short-time 
loading, the same ultimate capacity is calculated for steels 5 and 7 but a 
considerable decrease in ultimate capacity is obtained for steel 8. This 
is shown in the moment-strain diagrams in Figs. 9.5 and 9.6 for slow 
loading and in Figs. 7.22 and 7.24 for short-time loading. These figures 
show that, fo~ sloN loading, the moment-strain curves continue to rise up 
to large v-::.2..'J.es of E4 and the maximum moment occurs at considerably greater 
values o~ ~ ~~3~ for short-time loading. However, the ultimate capacity 
is governe:i by t·J.clr~ing of compression bars which is assumed to occur when 
the concre~e ::~in at the level of compression bars is equal to EO = 0.006 
as explainej i~ Section 3.3. At this strain in the compression steel, 
there is only slight increase in the compression steel stress for steels 5 
and 8 as compared to f for steel 7. Also, the tension steel is in the y 
elastic region which is the same for all of the steels 5, 7 and 8. Since, 
at high load levels, the compression steel plays a greater role in resisting 
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the external forces; only slight increase in capacity is obtained for 
steels 5 and 8. This increase in capacity increases with increase in Pt. 
Table 9.3 gives comparisons of ultimate moments of various load 
levels for the following cases: 
Case (1): Ultimate moment for steels 5, 7 and 8 obtained for 
slow loading according to the method of analysis 
explained in Chapter 3. 
Case (2): Ultimate moment for 'steel 7 in accordance with the 
1963 ACI Code, as presented and discussed in Chapter 7. 
It can be seen in this table that, at low levels of ultimate axial 
load, there is negligible difference between the ultimate moments calculated 
for steel 7 for the two cases. But, for steels 5 and 8, considerable 
increase in ultimate moment is obtained for case 1 as compared to case 2, 
as explained above. However, at high levels of ultimate axial load, con-
siderable decrease in ultimate moment is obtained for steel 7 for case 1 
as compared to case 2. Also, greater decrease is obtained with a small 
value of Pt than with a large value. This is so because the value of ~k3 
is smaller for case 1 than for case 2. It has been explained in Chapter 7 
that, at high levels of ultimate axial load, since the compression steel 
stress remains constant at f , concrete plays a greater role in resisting y 
the external forces. Therefore, a smaller value of ~k3 gives a smaller 
concrete force and a smaller total compression force which results in a 
smaller moment. This effect is pronounced for a small value of pte The 
same is the case for steels 5 and 8 for a small value of Pt' since the 
increase in compression steel force due to the shape of the stress-strain 
curve is very small up to the strain of 0.006 at which buckling of the bars 
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is assumed to occur. But, for Pt = 0 .. 08, considerable increase in comres-
sian steel force is obtained for steels 5 and 8 for case 1 which compensates 
partly or fully for the reduction in the concrete force, and thus brings 
the ultimate moment closer to that for case 2. Table 9.3 shows that at 
P = 1000 kips, almost the same ultimate moment is obtained for steel 5 
u 
(case l) as for steel 7 (case 2), but the ultimate moment for steel 8 
(case l) is smaller than that for steel 7 (case 2) because steel 8 does 
not provide enough increase in the compression steel force whereas steel 5 
did. 
Figure 9.4 shows that almost the same ultimate curvatures are 
calculated for steels 5, 7 and 8, except for low levels of ultimate axial 
load in combination with a high value of Pt' in which case considerable 
increase in ultimate curvature is obtained for steel 7 as compared to 
steels 5 and 8. This is so because, for a high value of Pt' the ultimate 
moment occurs at almost the same value of E for all of these steels and, 
u 
as has been explained in Chapter 7, the increase in ultimate moment 
obtained by utilizing the strain-hardening region of the stress-strain 
curve results in reduction in ultimate curvature, when E is the same for 
u 
the flat-top and the strain-hardening steels. For a small value of Pt' 
the ultimate moment at low levels of ultimate axial load occurs at a higher 
value of E for steels 5 and 8 which gives greater ultimate curvatures for 
u 
these steels and compensates for the above reduction in curvature, and thus 
results in almost the same ultimate curvature for all of the steels 5, 7 
and 8. 
9.2.3. ASTM Grade 75 Steel 
The comparisons of load-moment and load-curvature diagrams for 
steels l, 2 and 3 obtained by the method of analysis explained in Chapter 3 
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using the concrete stress-strain curve B shown in Fig. 9.1 are given in 
Figs. 9.7 through 9.10. It can be seen from these figures that the effects 
of the stress-strain curves of these steels are similar to those explained 
in Section 9.2.2 for steels 5, 7 and 8. However, these effects are 
enhanced for Grade 75 steels and greater increases in ultimate capacity 
are obtained for steels 1 and 3, as was true for short-time loading as 
explained in Chapter 8. Figures 9.7 and 9.8 show that, not only at low 
levels of ultimate axial load but also at high levels, considerable increase 
in ultimate moment is obtained for steels 1 and 3 in comparison w.ith steel 2. 
\ 
At high levels of ultimate axial load and for short-time loading of the 
column, as explained in Chapter 8, steel 3 gives smaller ultimate moment 
than steel 2. But, for slow loading, since the compression steel strains 
reach that region of the stress-strain curve which is above the flat-plateau 
of steel 2, considerably greater compre$sion steel stresses are obtained 
which give greater ultimate moments for steel 3 than for steel 2. This is 
shown in Table 9.5. 
Table .9.6 gives comparisons of ultimate moments at various load 
levels for the following cases: 
Case (1): Steels 1, 2 and 3 for slow loading according to the 
method of analysis in Chapter 3 (concrete curve B). 
Case (2): Steel 2 for short-time loading in accordance with the 
1963 ACI Code (concrete curve A). 
This table shows the following: 
(1) For steel 2, with the small value of Pt' almost the same 
moments are obtained at low levels of ultimate axial load for both cases, 
but at high levels of ultimate axial load, smaller ultimate moment is 
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obtained for Case 1 than for Case 2. This is due to the effect of klk3 as 
explained in Section 9.2.2 for steel 7. However, for the high value of Pt' 
the limitation of E to 0.003 for Case 2 results in considerably smaller 
u 
moments, except at very high levels of ultimate axial load, as was explained 
in Chapter 8. The generally greater ultimate moments obtained for Case 1 
as compared to Case 2 result from the higher value of E permitted for 
u 
Case 1. The opposite condition at very high load levels results from the 
smaller value of ~k3 obtained for Case l~ 
For steels 1 and 3, considerably greater values of ultimate 
moment are obtained for Case 1 than for Case 2 for both values of Pt and 
at all levels of ultimate axial load, except for the small value of Pt in 
combination with high levels of ultimate axial load. This is so because the 
higher value of E for steels 1 and 3 gives greater steel stresses and hence 
u 
greater moments. But, the reduction in the concrete force caused by a 
smaller value of klk3 at high levels of ultimate axial load is not compen-
sated for by the small area of compression steel when the value of Pt is 
small. Thus, smaller ultimate moments are obtained for Case 1. 
The effect of the stress-strain curves on the ultimate curvatures 
of the section for steels 1 and 3 in comparison with steel 2 is similar to 
that for steels 5 and 8 in comparison with steel 7, as explained in 
Section 9.2.2. 
9.3. Combination of Sustained and Short-Time Loadings 
9.3.1. Stress-Strain Relationship for Concrete 
In this section, analyses are presented for the member loaded in 
the following stages, which are illustrated in Fig. 9.13. 
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Stage 1: A given axial load P and bending moment M (corresponding 
to the working-load conditions) are applied in a short time. 
Stage 2: This load P and this moment M are sustained on the 
member for a desired perio1 during which the concrete creeps. This results 
in an increase in concrete strain and a reduction in concrete stress. Con-
sequently, the distribution of forces between steel and concrete is changed. 
Stege 3: The member is then loaded to failure in a short-time 
Stages 1 and 2 are assumed to be equivalent to loading the member 
slowly, as was done in Section 9.2, up to the axial load P and bending 
moment M corresponding to the working-load conditions. During this process, 
the concrete creeps as the loading is applied, and a different distribution 
of forces is obtained as compared to the short-time loading up to working 
conditions. Consequently, the same stress-strain curve for concrete is used 
in the analysis for loading the member up to working-load conditions as was 
explained in Section 9.2.1. Figure 9.13 shows the strain and stress dis-
tributions and the resulting stress-strain relationship for concrete for 
the above stages.of loading. The cross-section of the member is shown in 
Fig. 9.13(a). 
At the end of Stage 1, the strain distribution corresponding to 
equilibrium of forces is shown in Fig. 9.13 (b) by line 1, the short-time 
stress-strain curve used for this stage of loading is shown in Fig. 9.13 (d) 
by the curve marked 1, and the stress distribution over the section is shown 
in Fig. 9.13 (c) by curve 1. At the end of Stage 2, the strains are 
increased under reduced stress as shown by the lines e-g and f-h in 
Fig. 9.13 (d), resulting in a new stress-strain relationship (curve 2) which 
is assumed to be represented by the equation given in Section 9.2.1 (curve B, 
Fig. 9.1) for slow loading. The strain. distribution over the cross-section, 
obtained from equilibrium of forces, is shown by line 2 in Fig. 9.13 (b), 
and the corresponding stress-distribution in Fig. 9.13 (c). With the 
assumption of curve 2 to represent the end of Stage 2, it is not necessary 
to go through Stage 1. 
When the member is loaded to failure in Stage 3 concrete strains 
increase according to the stress-strain relationship (curve 1) representing 
short-time loading. Accordingly, each section of the compression zone 
follows curve 1, but starting from a different point on curve 2 depending 
on the stress level reached at the end of Stage 2. Two such paths followed 
by points hand g on curve 2 are shown in Fig. 9.13 Cd). These points 
correspond to strains 0.001 and 0.002 at the end of Stage 2, which were 
reached from strains corresponding to points f and e at the end of Stage 1, 
and which are increased to 0.005 and 0.010, respectively, at the end of 
Stage 3, as shown by points j and k. This process results in new stresses 
for the strains reached at the end of Stage 3, and thus gives a new 
fTstress-strain!l r:-elationship as shown by curve 3 in Fig. 9.13 Cd). The 
corresponding stress distribution in the compression zone is shown by 
curve 3 in Fig. 9.13 (c). This stress-strain relationship depends on the 
extent to which the strains are increased during the third stage of loading. 
Since it is not known in advance what value of E4 will represent the ultimate 
conditions for Stage 3, several trial values of E4 are necessary, as in 
Step 3 of the method of analysis explained in Section 3.4, and for each value 
of E4 a different stress-strain relationship is obtained for curve 3. Also, 
in order to obtain equilibrium of forces, several trials are required for 
the value of curvature ~ which fixes the depth to the neutral axis, and 
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hence changes the extent to which ~he strains are increased, as was done in 
Step 4 in Section 3.4. Conse~uently, a new stress-strain relationship must 
be obtained for each value of~. The computer program prepared for the 
analyses in Chapters 5 through 8 and in Section 9.2 was modified to generate 
the concrete stress-strain relationships for Stage 3 of loading using the 
concrete stress-strain curves A and B. Once this stress-strain relationship 
is obtained, the remaining procedure for obtaining the load-moment and load-
curvature relationships is the same as explained in Section 3.4. 
9.3.2. ASTM Grade 60 Steel 
In this section analyses of reinforced concrete sections are 
presented for the combination of sustained and short-time loading using the 
concrete stress-strain relationship explained in Section 9.3.1. Two stress-
strain curves for reinforcement have been considered, representing ·steels 5 
and 8 shown in Fig. 4.5. As explained in Section·4.1.3, these steels meet 
the re~uirements of both the ASTM specifications and the ACI Code provisions. 
Comparisons of load-moment diagrams are made in Figs. 9.14 through 
9.17 for the following cases. 
Case (1): In strict accordance with the 1963 ACI Code; i.e., 
flat-top steel 7 (Fig. 4.5), concrete stress-strain 
curve A (Fig. 4.11), and E < 0.003. The load-moment 
u-
diagrams for this case were presented and discussed 
in Chapter 7. These are reproduced in Figs. 9.14 
through 9.1 7 and are identified as curves 1. 
Case (2): According to the method of analysis explained in 
Chapter 3, i.e. steel 5 or 8, as the case may be, 
concrete stress-strain curve A, and the criteria for 
ultimate capacity explained in Section 3.3. The load-
moment diagrams for this case too were presented and 
discussed in Chapter 7. These are identified as 
curves 2 in Figs. 9.14 through 9.17. 
Case (3): The load-moment diagram representing the working-load 
conditions. These values of load and moment are taken 
e~ual to one-half of the values for Case 2 above, and 
are sustained for any desired period. of time (one year 
in this case). These are identified as curves 3 in 
Figs. 9.14 through 9.17. 
Case (4): The load-moment diagrams representing the combination 
of sustained and short-time loading for steel 5 or 8. 
These values of load and moment have been obtained by 
further loading the. section beyond the values of P and 
M for Case 3 above in a short-time at the same eccentri-
city as in Case 3. The ultimate capacity is determined 
in accordance with the criteria explained in Section 3.3. 
It can be seen in Figs. 9.14 and 9.16 that, for steel 5, there is 
practically no difference between the load-moment diagrams for Cases 2 and 4. 
But, as can be seen in Fig. 9.15 and 9.16, a slightly greater ultimate 
capacity is obtained for steel 8 for Case 4 than for Case 2. This is explained 
below. 
The stress-strain relationship for concrete for the combination of 
sustained and short-time loadings(Case 4), as explained in Section 9.3.1, is 
only slightly different from that for short-time loading (Case 2). Figure 9.13 
shows that the stress-strain curve 3 used for Case 4 in this section lies 
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slightly below curve 1 used for Case 2, in the ascending branch, but 
slightly above it in the falling branch of the curve. The maximum stress 
f~ = ~f~ ~s the same for both cases, but EO corresponding to f~ is greater 
for Case 4 than for Case 2. Thus,the concrete stress-strain relationship 
used for Case 4 is intermediate between those for slow loading (Section 9.3.2) 
and short-time loading (Chapter 7), and depends on the extent to which the 
strains are increased in Stage 3 of the loading, as explained in Section 
9.3.1. If these strains are slightly greater than those at the end of 
Stage 2 of loading, curve 3 (Fig. 9.l3)lies closer to curve 2, but if these 
strains are considerably greater than those at the end of stage 2, as shown 
in Fig. 9.13, the stress-strain curve 3 lies closer to curve 1. The former 
case occurs at high levels of ultimate axial load P and the latter at lower 
u 
levels of P. This flatter concrete stress-strain relationship for Case 4 
u 
gives slightly smaller value of k2 and hence slig~tly greater value of lever 
arm as compared to the short~time stress-strain curve used for Case 2. Also, 
since k3 is the same for both Cases 2 and 4, the stress-strain relationship 
for Case 4 gives ,slightly greater values of ~k3 as compared to Case 2 at 
the strain E > EO. 
u-
It has been explained in Chapter 7 that, for steel 5, the compres-
sion steel strains at ultimate capacity, at ultimate axial load levels at 
and above the'.balance point, are on the flat-plateau of the stress-strain 
curve. Thus the compression steel stress remains constant at f. The y 
effect of using a flatter concrete stress-strain relationship for Case 4 with 
greater value of EO than for Case 2 is to obtain greater strains in the 
compression steel, as was the case for slow loading as explained in Section 
9.2.2. Since these strains do not give greater stress, no increase in 
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compression steel force is obtained and thus there is no increase in 
ultimate capacity of the section with steel 5 for Case 4 as compared to 
Case 2. 
At low levels of ultimate axial load, the compression steel strains 
for steel 5 are in the elastic region for small values of Pt and ~ and in 
the strain-hardening region for high values. In both cases, the increase 
in the compression steel strain results in greater compression steel stress 
and force. However, since the ultimate capacity occurs at high values of 
E , the concrete stress-strain relationship for Case 4 is nearly the same 
u 
as for Case 2. Hence, little difference in ultimate capacity is obtained 
with steel 5 for both cases. 
For the round-house stress-strain curve, as for steel 8, the 
compression steel stress increases with increase in strain at all levels 
of ultimate axial load. However, this increase in stress is small since 
the strains are in that region of the stress-strain curve in which stress 
increases at a smaller rate. Therefore, a small increase in ultimate 
capacity is obtained for Case 4 due to the increase in compression steel 
stress than for Case 2. For high values of Pt' when the ultimate capacity 
is determined from the criterion of buckling of compression bars, the 
compression steel strain and stress are the same for both Cases 2 and 4. 
In this case, for the same value of E
U
' slightly greater value of klk3 
results in slightly greater concrete force for Case 4 than for Case 2. This, 
coupled with slightly greater lever arm of concrete force for Case 4, results 
in some increase in the moment of concrete force, and hence in the ultimate 
capacity for Case 4. It has been explained in Chapter 7 that, at ultimate 
axial load levels above the balance point, smaller ultimate capacity is 
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obtained for steel 8 (Case 2) than for steel 7, in accordance with the ACI 
Code (Case 1), because the compression steel strains lie in that region of 
the stress-strain curve for steel 8 which is below that for steel 7, and 
thus smaller compression steel stresses are obtained for steel 8. Since, 
for Case 4, the compression steel strains and stresses are increased, the 
difference between the compression steel stresses for steels 7 and 8 is 
reduced. Consequently, the reduction in ultimate capacity at high levels 
of P for steel 8 (Case 2), as compared to that for steel 7 (Case 1), is 
u 
reduced when the loading condition of Case 4 is used. At low levels of 
ultimate axial load, since the ultimate capacity for steel 8 (Case 2) is 
already greater than that for steel 7 (Case 1), the ultimate capacity for 
Case 4 is further increased by a very small amount. 
9.3.3. ASTM Grade 75 Steel 
In this section analyses of reinforced concrete sections are 
presented for the combination of sustained and short-time loadings for 
ASTM Grade 75 steel. Only steel 3 (Fig. 4.6) has been selected for analyses 
here since, as explained in Section 4.1.3, it is more typical of Grade 75 
steels and ~ee:s the ASTM specifications as well as the ACI Code provisions. 
Two values 0: __ a~d one value of f~ have been considered as explained in 
Section 9.:. 
CO~F~rlso~s of load-moment diagrams are given in Figs. 9.17 and 
9.20 for the same four cases of loading conditions, as explained in 
Section 9.3.2 for ASTM Grade 60 steel. It can be seen from these figures 
that, at all levels of ultimate axial load P , greater ultimate capacity of 
u 
the section is obtained for Case 4 (combination of sustained and short-time 
load~ng) than for either Case 1 (in accordance with the ACI Code) or Case 2 
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(short-time loading according to the method of analysis explained in 
Chapter 3). If the ultimate capacity of the section for Case 4 is compared 
with that for Case 2, slightly greater ultimate capacity is obtained for 
Case 4 because of the increase in compression steel force and/or concrete 
force for Case 4, as was explained in Section 9.3.2 for steel 8. But, if 
the ultimate capacity of the section for Case 4 is compared with that for 
Case 1, considerably greater increase in ultimate capacity is obtained at 
low levels of ultimate axial load for Case 4 because of the greater tension 
steel stresses for Case 4 than for Case 1, as was true for the short-time 
loading explained in Chapter 8. This increase in ultimate capacity decreases 
as P increases and, at high levels of P , very small increase in ultimate 
u u 
capacity of the section is obtained for Case 4 than for Case 1 for both 
values of Pt or~. Contrary to this, for the small value of Pt or ~, 
slightly smaller ultimate capacity of the section is obtained for Case 2 
than for Case 1 at high levels of P because, as explained in Chapter 8, the 
u 
compression steel strains lie in that portion of the stress-strain curve for 
steel 3 which is ?elow that of the flat-top steel 2. As explained in 
Section 9.2, the combination of sustained and short-time loading increases 
the compression steel strains, and thus gives greater compression steel 
stresses than f for Case 1. This results in greater ultimate capacity for y 
steel 3 for Case 4 of loading. 
9. 4. Summary 
In this chapter, analyses of a 15-in. square reinforced concrete 
section with ASTM Grade 60 and 75 steels have been presented and discussed 
for slow loading and for a combination of sustained loading at a working 
load level followed by short-tome loading to failure. The effect of creep 
of concrete is considered by modifying the stress-strain relationship for 
concrete in such a manner that it represents as closely as possible the 
loading conditions. 
Stress-strain curves for steels 5, 7 and 8 (Grade 60 steel) shown 
in Fig. 4.5 and for steels 1, 2 and 3 (Grade 75 steel) shown in Fig. 4.6 
have been considered in the analyses. A continuous stress-strain curve for 
concrete with fIT = ~ft = 0.75 f' and EO = 0.006 (three times the value for 
c 5 c c 
short-time loading), as explained in section 9.3.1 and shown in Fig. 9.1, 
has been used in the analyses for slow loading of the section. The stress-
strain curve for concrete for the combination of sustained and short-time 
loadings is determined from the stress-strain curves for slow and short-time 
loadings as explained in Section 9.3.1 and shown in Fig. 9.13. Two values 
of Pt = 0.01 and 0.08 and one value of f~ = 3000 psi have been used. 
(a) Slow loading 
Comparisons of load-moment diagrams (Figs. 9.2 and 9.3) for 
Grade 60 steels 5 and 8 with those for steel 7 show that the ultimate 
capacity of the section for slow loading, at all levels of ultimate axial 
load, is greater for steels 5 and 8 than for steel 7. This increase in 
ultimate capacity for steels 5 and 8 is quite large at low levels of ultimate 
axial load. The effect of slow loading is to increase the ultimate concrete 
strain and thus the steel strains which result in greater steel stresses and 
forces as compared to short-time loading. Also, the smaller values of ~k3 
and k2 for slow loading result in smaller concrete force but a greater lever 
arm. Greater corrpression steel force for steels 5 and 8 compensates for the 
reduction in the concrete force, and greater tension steel force at lo~ 
levels of ultimate axial load together with greater lever arm of concrete· 
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force result in greater ultimate moment of the section for steels 5 and 8 as 
compared to steel 7. This is also true for short-time loading, but greater 
increase in ultimate moment is obtained for slow loading, particularly for 
small value of Pt. At high levels of ultimate axial load, the compression 
steel and concrete play greater role in providing the re~uired ultimate 
capacity. Since, for slow loading, ~~ is small and the small increase in 
compression steel stress and force is mainly utilized in compensating for 
the reduction in concrete force, only slight increase in ultimate capacity 
is obtained for steels 5 and 8, as compared to steel 7. Contrary to this, 
for short-time loading, considerably smaller ultimate capacity is obtained 
for steel 8 as compared to steel 7. This has been explained in Chapter 7. 
If the ultimate moment of the section for slow loading is compared 
with that obtained according to the ACI Code for steel 7, it is found that, 
at low levels of ultimate axial loai, the same ultimate moment is obtained 
for steel 7 for both cases, but greater ultimate moments are obta,ined for 
steels 5 and 8 for slow loadlilg, as explained above. However, at high 
levels of ulti.mste axial load, sma11er u.ltimate moment is obtained for 
steel 7 fo:' s~o· .. ; loading because of the smaller value of ~ k3 . The same is 
the case 1""':::, s~e".::ls 5 and 8 for the small value of P..L.' since the stress and 
v 
the area cf ~~e 2aTIpression steel are not enough to compensate fully for the 
reductio~ i~ :~".:: concrete force. For the high value of Pt' steel 5 compen-
sates for all of the reduction in the concrete force and thus gives the 
same ultimate moment for both cases. But this is not true for steel 8 and 
the result is a smaller ultimate moment for slow loading. 
For ASTM Grade 75 steel, similar effects of the stress-strain 
curves of steels 1 and 3 as compared to steel 2 are obtained as explained 
above for steels 5 and 8 in comparison with steel 7. However, these effects 
are enhanced for Grade 75 steel, and thus greater increases in ultimate 
moment are obtained for steels 1 and 3 as compared to steel 2 at all levels 
of ultimate axial load. Also the compression steel provides greater 
increase in its force to compensate for the reduction in the concrete force. 
Consequently, the reduction in ultimate moment at high levels of ultimate 
axial load caused by smaller value of ~k3 for slow loading, as compared to 
that calculated according to the ACI Code, is also smaller for steels 1 
and 3 than for steels 5 and 8, for small 'value of Pt. But for the high 
value of Pt' steels 1 and 3 more than compensate for the reduction in the 
concrete force for slow loading and thus result in greater ultimate moment 
as compared to that calculated according to the ACI Code. 
(b) Combination of sustained and short-time loadings 
Figures 9.14 through 9.20 show comparisons of load-moment diagrams 
for the combination of sustained and short-time l'oadings with those for the 
short-time loading in accordance with the 1963 ACI Code and also according 
to the method of analysis explained in Chapter 3. These cases of loading 
conditions are explained in Section 9.3.2. 
Practically the same ultimate capacity of the section is obtained 
for steel 5 for the combination of sustained and short-time loadings (Case 4) 
as for the short-time loading (Case 2). Consequently the effect of the 
stress-strain curve for steel 5 as compared to steel 7 is similar to that 
explained in. Chapter 7. However, for the r~und-house stress-strain curves 
for steels 8 and 3, the combination of sustained and short-time loading 
results in greater compression steel stresses and/or slightly greater concrete 
force and its lever arm for Case 4 than for Case 2. Consequently, slightly 
greater ultimate capacities are obtained for steels 3 and 8 for Case 4 than 
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for Case 2 particularly at high levels of ultimate axial load. As has 
been explained in Chapters 7 and 8 that, at high levels of ultimate axial 
load, steels 3 and 8 result in smaller ultimate moments for short-time 
loading (Case 2) as compared to those calculated according to the ACI Code 
for steels 2 and 7, respectively (Case 1). The increase in ultimate 
capacity for Case 4 as compared to that for Case 2 compensates for a part 
of this reduction in ultimate capacity for steel 8 and all of the reduction 
for steel 3. Thus, the difference in the' ultimate capacities for steel 8 
and 7 is reduced by using the combination of sustained and short-time 
loading for steel 8, whereas greater ultimate capacity is obtained for 
steel 3 for the combination of sustained. and short-time loading than for 
steel 2 according to the ACI Code. 
10. ANALYSES OF REllTFORCED CONCRETE SECTIONS 
WITH CADWELD-SPLICED REINFDRCING MRS 
10.1. Introduction 
In this chapter, analyses are presented for the 15-in. square 
reinforced concrete section shown in Fig. 3.1, to investigate the effects 
of the stress-strain curve of Cadweld-spliced reinforcing bars on the 
strength and behavior of reinforced concrete sections. These splices are 
manufactured by Erico Products Inc., Cleveland, Ohio, and consist of a metal 
sleeve of varying length in which the bars are inserted end to end. A 
powdered mixture is ignited and allowed to flow into the sleeve and create 
a mechanical bond between the sleeve and the reinforcing bars to transfer 
force from one bar to the other. 
The stress-strain curves, in the region of the splice, for the 
reinforcing bars spliced in this manner depend on the length of the sleeve 
and on the gage length used for measuring strains. Away from the spliced 
region, of course, these bars have the same stress-strain relationship as the 
unspliced bar. It has been found from tests of reinforced concrete beams (23) 
that the strength and behavior of a member subjected to flexure only, and 
having all the reinforcement spliced in the region of maximum-moment, could 
be predicted fairly well by averaging the stress-strain characteristics in 
the spliced region over a length of bar equal to at least the effective 
depth of the section. The stress-strain curves for the spliced bars used in 
the analyses in this chapter are shown in Figs. 10.1 and 10.2 for Grade 60 
and Grade 75 bars, respectively. These are not actual measured curves but 
are idealizations based on tests of spliced bars of various sizes with strains 
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measured over a gage length of 10 in. including the splice. The bars 
tested all exhibited typical strain-hardening and this is reflected in the 
stress-strain curves shown for the spliced regions. The curves have been 
drawn for a bar having a yield strength exactly equal to the specified 
strength of 60 or 75 ksi for Grades 60 and 75, respectively. The stress-
strain curves 7 and 2 in Figs. 10.1 and 10.2, respectively, are shown with 
no strain-hardening to represent the stress-strain relationship assumed in 
the ACI Code. Although the effective depth of the section analyzed (12 in.) 
is greater than the gage length of 10 in. for which these stress-strain 
curves were obtained, no adjustment has been made, partly in order to be 
conservative and partly because no information exists regarding a suitable 
effective gage length for members subjected to axial load as well as bending. 
In addition, it has been assumed in the analysis that all of the bars are 
spliced at the location of the cross-section being considered. This, too, 
is a conservative assumption, since the average stress-strain characteristics 
for a combination of spliced and unspliced bars (staggered splices) would be 
significantly bet~er than shown in Figs. 10.1 and 10.2. 
Since Cadweld-spliced reinforcing bars have different stress-strain 
relationships in tension and compression, different stress-strain curves are 
shown in Figs. 10.1 and 10.2 for a spliced region subjected to tension or 
compression. In Fig. 10.1, for ASTM Grade 60 steel, the curve labelled 9 is 
used for compression stresses, and the curve labelled 10 is used for tension 
stress. Similarly, in Figs. 10.2, for Grade 75 steel, curves 11 and 12 are 
used for compression and tension stresses, respectively. 
The conventional flat-top stress-strain curves assumed for the 
purpose of design in the 1963 ACI Code, shown in Figs. 10.1 and 10.2, 
represent steels 7 and 2 which were used. in the analyses in Chapters 7 and 8, 
respectively. It can be noted in these figures that the stress-strain curves 
for spliced bars lie partly below and partly above those for the flat-top 
steels 2 and 7. While the tension splices have a portion of their stress-
strain curves considerably below those for steels 2 and 7, the compression-
splice curves lie only slightly below and in a very small range of strains 
near the yield point. 
The same 15-in. square section selected for analyses in Chapters 7, 
8 and 9 has been analyzed in this chapter to obtain load-moment and load-
curvature diagrams, which are presented and discussed in Section 10.2 for 
short-t~e loading, in Section 10.3 for slow loading, and in Section 10.4 
for a combination of sustained and short-time loadings. 
Three values of Pt and f~ have been selected to obtain three values 
of qt for each grade of reinforcing bar, as given below: 
~ 
Pt ft Grade 60 Grade 75 c f = 60 ksi f = 75 ksi y y.. . 
0.01 3000 0.20 0.25 
0.04 4000 0.60 0·75 
0.08 5000 0·96 1.20 
For the purpose of comparisons with the 1963 ACI Code for the 
flat-top steels 7 and 2, the ordinates of the load-moment and load-curvature 
diagrams have been divided by PO? and P02 for Grade 60 and Grade 75 steels, 
respectively; whereas the abscissas of the load-moment diagrams have been 
divided by M07 an~ M02 ' as was done in Chapters 7, 8 and 9· 
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The stress-strain curves shown in Figs. 10.1 and 10.2 for spliced 
bars are for that portion of the bar which contains the splice. Away from 
the splice, the actual stress-strain curve of the unspliced bar is to be 
considered, the effects of which have been explained in Chapters 7, 8 and 9. 
Consequently, the discussions and explanations presented in Sections 10.2, 
10.3 and 10.4 apply only to that region of the member which contains the 
splices, and the spliced bars referred to in these sections mean only that 
portion of the bar containing the splice. 
10.2. Short-Time Loading 
10.2.1. Splices for ASTM Grade 60 Reinforcing Bars 
In this section, analyses have been made using the steel stress-
strain curves 9 and 10 (Fig. 10.1) for compression and tension, res~ectively, 
for the spliced bars, and curve 7 for the flat-top steel for comparisons. 
The concrete stress-strain curves used are those shown in Fig. 4.11, and 
the limiting concrete strain was assumed to be E = 0.003 in accordance with 
u 
the ACI Code or 0 .. 010 according to the method of analysis explained in 
Chapter 3. 
Figures 10.3 and 10.4 show comparisons of load-moment diagrams for 
spliced bars (9,10) with the flat-top steel (7) and for both cases of the 
limiting value of E = 0.003 (ACI Code) and 0.010. 
u 
It ~as explained in Chapter 7 that limitation of Eu to 0.003 
results in considerable decrease in ultimate capacity of the section at 
ultimate axial load levels below the balance point, particularly for steel 8 
which has a round-house stress-strain curve. This is also true for the 
spliced bars. However, the effects of this limit on E is greater for the 
u 
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spliced bars than for steel 8, because the stress-strain curve for the 
tension splice lies considerably below that for steel 7 for stresses less 
than the yield strength f. It was also explained in Chapter 7 that, if a y 
higher limit of E is permitted for steel 7, little increase in ultimate 
u 
capacity is obtained, except at ultimate axial load levels slightly above 
the balance point. But, as for steel 8, the ultimate capacity of the 
section with spliced bars is considerably increased by allowing a higher 
limit on E. This is shown by the moment-'strain curves in Figs. 10.7. This 
u 
increase in ultimate capacity for the spliced bars is obtained at low levels 
of ultimate axial load because the tension steel strains at ultimate 
capacity are in that region of the stress-strain curve which gives tension 
steel stress greater than f for the flat-top steel. Table 10.1 shows that, y 
at P 
u 
0, an increase of 32 percent in ultimate moment is obtained for the 
spliced bars for Clt, = 0.20 as compared to steel 7. 
As the ultimate axial load is increased, the tension steel strain 
decreases while the compression steel strain increases. This has been 
explained in Chap~er 5. At ultimate axial load levels near the balance point 
for steel 7, the tension and compression steel strains are in that region of 
the stress-strain curves for, spliced bars which are below that for steel 7, 
and thus reduced steel stresses are obtained which give reduced ultimate 
capacities for spliced bars. At higher levels of ultimate axial load, the 
tension steel strains are further reduced and reach that region of the 
stress-strain curve which results in a small reduction in tension steel 
stress. Since the stress-strain curve for a splice in compression is only 
slightly below that for the flat-top steel near the yield point, a very small 
reduction in compression steel stress is obtained. Thus, the reduction in 
192 
ultimate capacity is also small. A part of this reduction in ultimate 
capacity is compensated for by allowing a higher limit on E , as shown in 
u 
Figs. 10.3 and 10.4. At high levels of ultimate axial load, the tension 
steel strains are in the elastic compression region of the stress-strain 
curve which is the same as for the flat-top steel. Thus, the reduction in 
ultimate capacity is due only to the slight reduction in the compression 
steel stress. Consequently, a very small reduction in ultimate capacity is 
obtained. The variation of steel strains with the increase in ultimate 
axial load is explained in detail in Chapter 5. 
Table 10.1 gives comparisons of ultimate capacities for the 
spliced bars (9,10) and for steel 7 at three levels of ultimate axial load 
for each value of~. The intermediate level of ultimate axial load 
corresponds to the balanced conditions for steel 7 in accordance with the 
1963 ACI Code. These comparisons are made for the spliced bars at the same 
eccentricities as for steel 7. It can be seen in this table that the maximum 
reduction of 11 percent in ultimate capacity is obtained for the spliced bars 
with ~ = 0.20. ~is reduction decreases as Pt or ~ increases. 
Figures 10.3 and 10.4 show that, if the comparisons are made for 
E < 0.010 for both steels, the maximum reduction at any load level is still 
u-
11 percent for ~ = 0.20. The corresponding maximum reductions for ~ = 0.60 
and 0.96 are 8 and 7 percent, respectively. All these reductions in ultimate 
capacity occur at ultimate axial load levels slightly above the balance 
point. 
Ultimate curvatures of the section for the spliced bars are 
compared with those for steel 7 in Figs. 10.5 and 10.6. It can be seen in 
these figures that, for Eu ~ 0.003, slightly greater ultimate curvatures are 
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obtained for the spliced bars at Pu S 0.45 P02 ' but at higher levels of Pu ' 
little difference in ultimate curvatures is obtained between the two steels. 
However, if a higher limit of E < 0.010 is allowed, large curvature is 
u-
calculated for the spliced bars. This effect on the ultimate curvature for 
spliced bars is similar to that explained for steels 5, 6 and 8 in Chapter 7. 
10.2.2. Splices for ASTM Grade 75 Reinforcing Bars 
In this section, analyses have been made using the steel stress-
strain curves 11 and 12 (Fig. 10.2) for compression and tension, respectively, 
for the spliced bars, and curve 2 for the flat-top steel for comparisons. 
The concrete stress-strain curves shown in Fig. 4.11 have been used with 
the ultimate concrete strain E < 0.003 in accordance with the ACI Code and 
u 
0.010 according to the methoi of analysis explained in Chapter 3. 
Comparisons of load-moment diagrams for Grade 75 spliced bars 
(11,12) with those for the flat-top steel (2) are shown in Figs. 10.8 and 
10.9 for both values of E = 0.003 and 0.010. These figures show that, as 
u 
was the case for Grade 60 spliced bars, limitation of E to 0.003 rather 
u 
than to 0.010 results in considerable decrease in the ultimate capacity.of 
the sectior. ".,i:.t Gracie 75 spliced bars at low levels of ultimate axial load. 
But, for the :ls·-~~p steel 2, little effect of E is obtained at ultimate 
u 
axial load le';e:': 2. t or below the balance point. This can be seen also in 
Fig. 10.12, for =ero axial load. Figures 10.8 and 10.9 show that, at low 
axial load levels, considerably greater ultimate capacity is obtained with 
spliced bars than with flat-top steel if E is not limited to 0.003. 
u 
It was explained in Chapter 8 that, at ultimate axial load levels 
above the balance point and for a considerable region of the load-moment 
diagram, the ultimate capacity of the section with steel 2 is increased by 
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allowing a higher limit on E. Figures 10.8 and 10.9 show that this is 
u 
true also for the spliced bars, but a greater increase in ultimate capacity 
is obtained for the spliced bars than for the flat-top steel with the higher 
limit on E = 0.010. This increase in ultimate capacity increases with 
u 
increase in 'It. Consequently, the difference between the ultimate capacities 
of the section with spliced bars and with the flat-top steel decreases as 
~ increases. 
Table 10.2 gives comparisons of ultimate moments and curvatures 
of the section for the spliced bars with the flat-top steel at three levels 
of P
u 
for each of the three values of 'It. As was the case for the Grade 60 
spliced bars, these comparisons have been made at the same eccentricity for 
the spliced bars and for the flat-top steel for each level of P. Also, E 
u u 
is limited to 0.003 for the flat-top steel in accordance with the ACI Code, 
but the ultimate moment for the spliced bars is determined from the criteria 
explained in Section 3.3. The intermediate level of the ultimate axial load 
for each value of ~ corresponds to the balanced conditions for steel 2. 
It can ~e seen in Table 10.2 that, at P
u 
0, the maximum increase 
of 20 percent in ultimate moment is obtained for the spliced bars as compared 
to steel 2, for 'It = 0.25. This increase in ultimate capacity decreases as 
~ increases, and the minimum increase of 15 percent in ultimate moment is 
obtained for ~ 1.20. However, at balanced conditions, the maximum reduction 
of 8 percent in ultimate capacity is obtained for the spliced bars for 
'It 0.25 and this reduction in ultimate capacity decreases as ~ increases. 
But, if E is limited to 0.010 for both the spliced bars· and the flat-top 
u 
steel, the maximum reduction in ultimate capacity for the spliced bars at 
any level of ultimate axial load occurs for ~ = 0.25 and amounts to 13 per-
cent. For ~ = 0.75 and 1.20, the corresponding maximum reductions are 
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9 and 5 percent. For zero eccentricity, the maximum reduction of 8 percent 
in ultimate axial load occurs for ~ = 0.75. The corresponding reductions 
in P
u 
for ~ = 0.25 and 1.20 are 5 and 7 percent, resp,ectively. 
Smaller reductions in ultimate capacity occur at higher levels 
of ultimate axial load, as was the case for Grade 60 spliced bars, when 
both steels are in compression and the stress-strain curve 11 is used for 
the spliced bars. Since, this curve is only slightly below that for the 
flat-top steel near the yield point, very small reduction in ultimate capacity 
is obtained for the spliced bars. A part of this reduction in ultimate 
capacity is compensated for by the greater value of E obtained for the 
u 
spliced bars. 
Figures 10.10 and 10.11 show comparisons of load-curvature 
diagrams for the spliced bars and the flat-top steel for two limits on E 
u 
(0.003 and 0.010). For E < 0.003, there is a very small difference between 
u- . 
the ultimate curvature of the section for both steels. However, for 
E < 0.010, considerably large curvatures are obtained for the spliced bars 
u-
than for the flat-top steel because of the greater value of E for the 
u 
spliced bars. This effect on ultimate curvature of the section for the 
spliced bars is similar to that for steels 1, 3 and 4 explained in Chapter 8. 
10.3. Slow Loading 
10.3.1. Spli~es for ASTM Grade 60 Reinforcing Bars 
In this section, analyses are presented and discussed for the 
reinforced concrete section with Cadweld-spliced reinforcing bars, the 
stress-strain curves of which are shown in Fig. 10.1; i.e. curves 9 and 10 
for compression and tension, respectively. Since the section is loaded 
slowly and continuously up to failure, concrete stress-strain curve B shown 
in Fig. 9.1 is used for the analyses. In order to compare the load-moment 
and load-curvature relationships for the spliced bars with those for the 
flat-top steel assumed in the ACI Code, analyses are also presented for 
steel 7 with concrete curve B. The ultimate concrete strain E is limited 
u 
to 0.010 for both spliced bars and steel 7. 
Figures 10.13 and 10.14 show the load-moment diagrams for spliced 
bars (9,10) and for steel 7 for three values of Pt' f~ and ~, as given in 
Section 10.1. These figures show that, at low levels of ultimate axial load, 
considerably greater ultimate capacity is obtained for the spliced bars for 
slow loading of the section, as was true for short-time loading explained 
in Section 10.2.1. However, at high levels of ultimate axial load, instead 
of slightly smaller ultimate capacity of the section with spliced bars as 
compared to the flat-top steel for short-time loading, slightly greater 
ultimate capacity is obtained for slow loading of the section with spliced 
bars. 
Table 10.3 gives comparisons of strains, moments and curvatures of 
the sectior. 9t ~~o levels of ultimate axial load for each value of~. At 
P = 0, the r:::3:.:~J.rrl increase of 41 percent in ultimate moment is obtained 
u 
for 'It 
for ~ 
0.20, cbtcir.ed with Pt 
0.96, ot:.a.ined with Pt 
0.01. This increase decreases to 31 percent 
0.08. At high levels of ultimate axial 
load, ultimate capacity is governed by the compression steel. The moment-
strain curves continue to rise with increase in E4 due to the shape of 
concrete stress-strain curve, as was true for steels 5 and 8, as explained 
in Section 9.2.2. Also, the ultimate capacity is determined from the 
criterion of buckling of compression bars corresponding to a strain of 0.006 
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at the level of compression steel, as explained in Section 3.3. At this 
strain, the compression steel stress and force for the spliced bars are 
greater than those for the flat-top steel. For the same value of P and E 
u u 
for both spliced bars and steel 7, greater compression steel force results 
in greater ultimate moment for the spliced bars. Contrary to this, for 
short-time loading, ultimate moment occurs at a smaller value of E which 
u 
results in compression steel strains in that region of the stress-strain 
curve for the spliced bars which is below that for the flat-top steel, and 
thus slightly smaller compression steel stress and force are obtained, which 
give slightly smaller ultimate moment for the spliced bars. 
Figure 10.13 shows that in a very small region of the load-moment 
diagram for ~ = 0.20, near the transition from the tension to compression 
failure, ultimate moment for spliced bars is slightly smaller than that for 
the flat-top steel. This is similar to the case for short-time loading, but 
the reduction in ultimate capacity for slow loading is only 4 percent. For 
greater values of ~ (Fig. 10.14), there is no reduction in ultimate moment 
for the spliced bars for slow loading as compared to the flat-top steel. 
Table 10.4 gives comparisons of ultimate moments for spliced bars 
(9,10) and steel 7 for slow loading with those for steel 7 for short-time 
loading in accordance with the 1963 ACI Code. It can be seen from this table 
that, at P = 0, while almost the same ultimate moment is obtained for steel 7 
u 
for slow loading and according to the ACI Code, considerably greater ultimate 
moment is obtained for spliced bars for slow loading as compared to that for 
steel 7 according to the ACI Code. This is also true at other low levels of 
ultimate axial load, as was the case for steels 5 and 8, as explained in 
Section 9.2.2. However, at high levels of ultimate axial load, smaller 
ultimate moments are calculated for spliced bars as well as for steel 7 for 
slow loading as compared to that for steel 7 according to the ACI Code. 
This is due to the effect of smaller value of ~~, as explained in 
Section 9.2.2. The reduction in ultimate moment for spliced bars is smaller 
than that for the flat-top steel 7 because the compression steel strains are 
such that the spliced bars in compression give greater stresses than the 
flat-top steel, and hence partly compensate for the reduction in concrete 
force caused by the reduction in ~~. 
Figures 10.15 and 10.16 give comparisons of load-curvature diagrams 
for spliced bars (9,10) and flat-top steel 7. At low levels of ultimate 
axial load, the ultimate moment occurs at almost the same values of E for 
u 
both spliced bars and steel 7. Consequently, as explained in Chapter 7, 
smaller ultimate curvatures are obtained for the spliced bars than for steel 7 
because tension steel strains are such that greater tension steel stresses 
are obtained for the spliced bars. At intermediate levels of ultimate axial 
load, E for the spliced bars is greater than that for the flat-top steel, 
u 
and also the tens ton steel strains are such that smaller tension steel 
stresses are obtained for the spliced bars than for steel 7. Both these 
factors give greater ultimate curvatures for spliced bars. At high levels 
of ultimate axial load, E is almost the same for both spliced bars and 
u 
steel 7. Also, the tension steel is in the elastic compressive region of the 
stress-strain curve which is the same for the spliced bars and steel 7. 
Consequently, almost the same ultimate curvatures are obtained for spliced 
bars and steel 7. 
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10.3.2. Splices for ASTM Grade 75 Reinforcing Bars 
In this section, analyses are presented for slow loading of the 
reinforced concrete section with Cadweld-spliced reinforcing bars of ASTM 
Grade 75 steel (11,12) and the comparisons are made with the flat-top steel 2. 
Ultimate moment of the section is calculated by using the concrete stress-
strain curve B shown in Fig. 9.1 according to the method of analysis explained 
in Chapter 3. Also, comparisons of ultimate moments for spliced bars (11,12) 
and flat-top steel 2 for slow loading are made with that for steel 2 for 
short-t~e loading (concrete curve A) in accordance with the 1963 ACI Code. 
Figures 10.17 and 10.18 show comparisons of load-moment diagrams 
for spliced bars (11,12) and flat-top steel 2 for the three values of Pt and 
~ given in Section 10.1. These figures show that the effects of the stress-
strain curves of the spliced bars for ASTM Grade 75 steel are similar to 
those for the spliced bars for ASTM Grade 60 steel, as explained in Section 
10.3.1. Table 10.5 gives comparisons of ultimate moments for spliced 
bars (11,12) with those for the flat-top steel at two levels of ultimate 
axial load for ea?h value of~. It can be seen from this table that, as 
was true for the spliced bars of ASTM Grade 60 steel, considerable increase 
in ultimate moment is obtained for the spliced bars as comv~red to the flat-
top steel 2. At low levels of ultimate axial load, greater tension steel 
stresses are obtained for the spliced bars as compared to the flat-top steel 
which result in greater ultimate moments for the spliced bars. Similarly, 
at high levels of ultimate axial load, greater compression steel stresses 
give greater ultimate moments for the spliced bars than for the flat-top 
steel. Table 10.5 shows that the maximum increase of 29 percent in ultimate 
moment is obtained for the spliced bars for ~ = 0.25. 
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Comparisons of ultimate moments given in Table 10.6 for the spliced 
bars (11,12) and the flat-top steel 2 for slow loading with those for steel 2 
for short-time loading, according to the ACI Code, show that, at low levels 
of ultimate axial load, considerable increase in ultimate moment is obtained 
for the spliced bars due to greater tension steel stresses for these bars 
than for the flat-top steel. However, at high levels of ultimate axial load, 
the smaller value of ~k3 for slow loading results in smaller moments for 
both spliced bars and steel 2 than for short-time loading. As Pt or ~ 
increases, the compression steel for the spliced bars compensates for a 
greater part of the reduction in concrete force due to smaller ~k3. Thus, 
the reduction in ultimate moment for spliced bars at high levels of ultimate 
axial load decreases with increase in ~, and for high value of 9t = 1.20, 
greater ultimate moment is obtained for slow loading than for short-time 
loading according to the ACI Code. 
The load-curvature diagrams for the spliced bars and the flat-top 
steel for slow loading in Figs. 10.19 and 10.20 show that the effects of the 
stress-strain curyes of the spliced bars of ASTM Grade 75 steel are similar 
to those for the spliced bars of grade 60 steel, as explained in Section 
10.4. Combination of Sustained and Short-Time Loadings 
10.4.1. Spli~es for ASTM Grade 60 Reinforcing Bars 
In this section, analyses are presented for reinforced concrete 
sections with Cadweld-spliced reinforcing bars of Grade 60 steel under combina-
tion of sustained and short-time loadings. The stress-strain curves 9 (for 
compression) and 10 (for tension) shown in Fig. 10 .. 1 have been used for the 
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spliced bars. The concrete stress-strain relationship for this loading 
condition is determined as explained in Section 9.3.1. For the purpose of 
comparisons with the short-time loading and also with the ACI Code, load-
moment diagrams are presented in Figs. 10.21 and 10.22 for the same four 
cases as explained in Section 9.3.2 for AS'IM Grade 60 steel. Three values 
of Pt or ~ which are given in Section 10.1 have been considered for each 
case of loading. 
Figures 10.21 and 10.22 show the following: 
(a) For the spliced bars (9,10), at all levels of ultimate axial 
load P
u
' and for all three values of Pt or ~, greater ultimate capacity is 
obtained for Case 4 (combination of sustained and short-time loading) than 
for Case 2 (Short-time loading). Although the increase in ultimate capacity 
for Case 4 is very small, greater increase is obtained at high levels of P 
u 
than at low levels. This is due to the effect of the increase in the com-
pression steel forces and/or the concrete force for Case 4, as was explained 
in Section 9.3.2 for steel 8. It may be recalled here that the stress-strain 
curve for spliced ,bars in compression (Curve 9, Fig. 10.1) is similar to but 
better than that for steel 8 (Fig. 4.5). 
(b) The ultimate capacity of the section with the spliced bars 
(9,10) for Case 4 is considerably greater than that for Case 1 for all 
values of ~ at ultimate axial load levels below the balance point for steel 7, 
as was true for short-time loading explained in Section 10.2.2. At ultimate 
axial load levels above the balance point, except in a small region near the 
balance point for small value of ~, either the same or very slightly greater 
ultimate capacity of the section is obtained for the spliced bars for Case 4. 
In this region of the load-moment diagram above the balance point} as 
explained in Section 10.2.1, the spliced bars give smaller ultimate capacity 
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for Case 2 than the flat-top steel 7 (C&se 1) because the compression steel 
strains lie in that region of the stress-strain curve 9 (Fig. 10.1) which 
is below that for steel 7, and smaller compression steel stresses are 
obtained for the spliced bars. But, as explained in Section 9.3.2, the 
concrete stress-strain relationship for Case 4 is such that greater compres-
sion steel strains, stresses and forces, and/or greater concrete force are 
obtained as compared to Case 2. This results in compression steel stresses 
close to or greater than f , and thus either the same or slightly greater y 
ultimate capacity is obtained for Case 4 than for Case 1. For ~ = 0.20, 
obtained with Pt = 0.01, the maximum reduction of 7 percent in the ultimate 
capacity is obtained for spliced bars (Case 4) at balanced conditions as 
compared to the flat-top steel (Case 1). The corresponding reduction in 
ultimate capacity for Case 2 is 11 percent. This is so because at this load 
level, although the compression steel stress for Case 4 is e~ual to or 
slightly greater than f , the tension steel stress is much smaller than f , 
Y Y 
and thus the total moment is reduced. 
10.4.2. Splices for ASTM Grade 75 Reinforcing Bars 
Figures 10.23 and 10.24 give comparisons of load-moment diagrams 
for Cadweld-spliced reinforcing bars of Grade 75 steel and for the flat-top 
steel 2. The stress-strain curves for these steels are shown in Fig. 10.2. 
Three values of Pt' f~ and ~ given in Section 10.1, and the four cases of 
loading condit~ons explained in Section 9.3.2 have been considered in the 
analyses. 
It can be seen in Figs. 10.23 and 10.24 that the effects of the 
stress-strain curves for the spliced bars of Grade 75 steel under the combina-
tion of sustained and short-time loading (Case 4) in comparison with the 
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short-time loading for spliced bars (Case 2) and with the ACI Code for the 
flat-top steel (Case 1) are similar to those for the spliced bars of Grade 60 
steel discussed and explained in Section 10.4.1. 
10.5. Summary 
In this chapter, analyses for load-moment and load-curvature 
relationships have been presented and discussed for the same 15-in. square 
reinforced concrete section which was analyzed in Chapters 7, 8 and 9. The 
section is provided with Cadweld-spliced reinforcing bars of ASTM Grades 60 
and 75. The purpose of these analyses was to investigate the effect of the 
stress-strain curves of these spliced bars on the strength and behavior of 
reinforced concrete sections under short-time loading, slow loading, and 
the combination of sustained and short-time loadings. The steel stress-
strqin curves used in the analyses for the spliced bars in tension and 
compression are shown in Figs. 10.1 and 10.2, and explained in Section 10.1. 
These curves give a conservative representation of the stress-strain relation-
ship for the spli~ed bar over a gage length of 10 in. including the splice, 
and it is assumed that all of the bars are spliced at the section considered 
in the analyses. 
Comparisons of the load-moment and load-curvature diagrams for the 
spliced bars have been made with those for the flat-top steels 7 (Grade 60) 
and 2 (Grade 75) in accordance with the 1963 ACI Code. Altho~gh, the spliced 
bars are assumed to be typical high-strength steels having f = 60 and 75 ksi 
Y 
for Grades 60 and 75, respectively, rather than from flat-top steels like 
steels 7 and 2, the comparisons have been made with steels 7 and 2 which are 
considered to represent the assumptions made in the ACI Code for the purpose 
of design. 
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Three values of Pt and f~ have been considered in the analyses 
for each grade of steel, as given in Section 10.1. 
The concrete stress-strain curve A (Fig. 4.11) has been used for 
the analyses for short-time loading in Section 10.2, curve B (Fig. 9.1) has 
been used for slow loading in Section 10.3, and curve 3 (Fig. 9.13), 
determined as explained in Section 9.2.1, has been used for the combination 
of slow and short-time loadings in Section 10.4. 
(a) Short-time loading 
If the ultimate concrete strain E is limited to 0.003 in the 
u 
analyses, considerable reduction in ultimate capacity of the section is 
obtained for the spliced bars of both grades of steel, in comparison with 
the flat-top steels 7 or 2, as the case may be, particularly at low levels 
of ultimate axial load. However, if the higher limit on E (0.010)· is 
u 
permitted and the ultim~te moment is determined from the criteria explained 
in Section 3.3, greater ultimate capacity of the section is obtained for the 
spliced bars as compared to the flat-top steels at low levels of ultimate 
axial load. This occurs because the tension steel stresses obtained for the 
spliced bars are greater than f for the flat-top steel. At ultimate axial y 
load levels near the balance point, the tension and compression steel strains 
are in those regions of the stress-strain curves where smaller stresses are 
obtained for the spliced bars than for the flat-top steels, even if the 
higher limit on E is permitted. Thus, smaller ultimate capacity is obtained 
u 
for the spliced bars. At higher load levels, compression steel and/or concrete 
playa greater role in providing the ultimate capacity of the section. Since, 
the stress-strain curve for the splice in compression is only slightly below 
205 
that for the flat-top steel near the yi21d point, small reductions in 
ultimate capacity are obtained for the spliced bars of both grade steels. 
Ultimate curvatures of the section for the spliced bars are only 
slightly increased at low levels of ultimate axial load as compared to the 
flat-top steel when E is limited to 0.003. But, for E < 0.010, large 
u u-
curvatures are obtained for the spliced bars. At high levels of ultimate 
axial load, practically the same ultimate curvatures are obtained for the 
spliced bars as for the flat-top steels for E < 0.003. This is also the 
u-
case for Eu < 0.010 for the small value of Pt = 0.01. But, for higher values 
of Pt = 0.04 and 0.8, slightly greater ultimate curvatures are obtained for 
Grade 60 spliced bars and considerably greater curvatures for Grade 75 
spliced bars as comp~red to the flat-top steels. 
(b) Slow loading 
The use of concrete stress-strain curve·B in the analyses for slow 
loading of the section results in a greater value of ultimate concrete strain 
E and hence in greater steel strains, stresses and forces for the spliced 
u . 
bars tha~ for the flat-top steels. Also, the smaller values of ~k3 and k2 
for cor.cre:e 2urve B result in smaller concrete force but slightly greater 
lever arc :ts~ ~or the short-time curve A. The reduction in concrete force 
is corep~.ss:ei ~or by the greater compression steel force for the spliced 
bars. Co~se~uently, greater ultimate capacity of the section is obtained 
for the spliced bars than for the flat-top steels at ultimate axial load 
levels below the balance point, as was the case for short-time loading. At 
high levels of ultimate axial load also, slightly greater ultimate capacity 
is obtained for the spliced bars for slow loading of the section, because 
the compression steel strains are such that greater compression steel stresses 
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are obtained for the spliced bars than for the flat-top steels. This is 
contrary to the case of short-time loading when the compression steel strains 
give smaller stresses for the spliced bars and hence smaller ultimate 
capacity tban for the flat-top steels. All the above comparisons of 
ultimate capacities are made for E limited to 0.010 for both the spliced 
u 
bars and the flat-top steels. 
Ultimate curvatures of the section for the spliced bars as 
compared to those for the flat-top steels are. slightly smaller at low levels 
of ultimate axial load, slightly greater at intermediate levels, and almost 
the same at high levels. 
(c) Combination of sustained and short-time loadings 
The stress-strain relationship for concrete used in the analyses 
for the combination of sustained and short-time loadings is interm.ediate 
between that for slow loading and short-time loading. Compared to the short-
time loading curve for concrete, it helps in increasing the steel strains, 
stresses and forces and also the concrete force and its lever arm particularly 
at high levels of ultimate axial load. Conse~uently, greater ultimate 
capacity of the section is obtained at low levels of ultimate axial load for 
the spliced bars for the combination of sustained and short-time loading, as 
compared to the short-time loading for the spliced bars or for the flat-top 
steels. Also, at high levels of ultimate axial load, the reduction in the 
ultimate capacity for the spliced bars for short-time loading caused by the 
smaller compression steel stresses, as compared to the flat-top steels, is 
compensated for by the increase in the compression steel force and the 
concrete force, when the section is loaded under the combination of sustained 
c· 
and short-time loadings. Conse~uently, either the same or very slightly 
207 
greater ultimate capacity is obtained for the spliced bars, as compared to 
that obtained for the flat-top steel in accordance with the 1963 ACI Code. 
However, for the small value of ~ obtained with Pt = 0.01, the ultimate 
capacity of the section for the spliced bars near the balance point is 
still smaller than that for the flat top steels but this difference is 
small--only 7 percent. 
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11. SUMMARY 
11.1. Introduction 
High-strength reinforcing bars of various types and grades are 
available in the U.S.A. and abroad. The stress-strain curves for these 
bars are quite different from the ideal elasto-plastic (flat-top) stress-
strain relationship assumed in the ACI Code for the purpose of design of 
reinforced concrete sections. In this report, the effects of the stress-
strain curves of typical high-strength reinforcing bars on the strength 
and behavior of reinforced concrete sections have been investigated for 
various combinations of axial load and bending moment. 
Method of analysis: The method of analysis used for obtaining 
load-moment and load-curvature diagrams to study the effects of the .stress-
strain relationships of reinforcement consists of obtaining the moment-
concrete strain relationship at a given level of axial load with ultimate 
concrete strain in the extreme compression fiber limited to 0.010. The 
maximum moment from the moment-strain diagram, or the moment at which buckling 
of compressior: b2.TS occurs, whichever is smaller, is taken to be the ultimate 
moment. The ul:imate curvature is determined from the strain distribution 
corresponding ~= :he ultimate moment. Any shapes of stress-strain curves for 
the reinforcemen: and concrete can be used in the analysis. 
Stress-strain curves for reinforcement: Four stress-strain curves 
for reinforcing bars of Grade 60 steel were selected for analyses in Chapter 7. 
These are steels 5, 6, 7 and 8 (Fig. 4.5). All of these steels meet the 
requirements of the ASTM specifications as well as those of the ACI Code for 
f = 60 ksi. The stress-strain curve for steel 5 has a short flat-plateau y 
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and that for steel 6 a long one, followed by strain-hardening, while that 
for steel 7 has an infinitely long plateau (flat-top). Steel 8 has a 
round-house stress-strain curve more typical of European and British steels. 
Similarly, four stress-strain curves for steels 1, 2, 3 and 4 (Fig. 4.5) 
have been selected for analyses for ASTM Grade 75 steel in Chapter 8. 
Steels 1, 3 and 4 have a round-house stress-strain relationship, whereas 
steel 2 has an ideal elasto-plastic stress-strain relationship. All of these 
steels meet the ASTM specification, but only steels 1, 2 and 3 satisfy the 
provisions of the ACI Code for f = 75 ksi. y 
Stress-strain curves for concrete: Concrete stress-strain relation-
ships selected for analyses for short-ttme loading, slow loading, and combina-
tion of sustained and short-time loading of the section are shown in 
Figs. 4.10, 9.1 and 9.13, respectively. 
11.2. Comparisons of Analytical and Experimental Results 
Analytical results obtained using the method of analysis explained 
in Chapter 3 have been compared in Chapter 6, with experimental results 
obtained from four available test programs, and good agreement was obtained 
between the analytical and expertmental results. Since the method of analysis 
requires the use of actual or realistic representation of the actual stress-
strain relationship for the reinforcement, the comparisons were limited to 
only those test programs in which the stress-strain curves for the reinforce-
ment have been reported. 
11.3. Effect of Variation of Strain in Extreme Compression Fiber 
Below the balance point. 
When a reinforced concrete section provided with any of the high-
strength steels 1, 3, 4, 5, 6 and 8 or other similar steels is subjected to 
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a small axial load and a large bending moment, i.e., at ultimate axial load 
levels below the balance point, the moment continues to increase with 
increase in the strain in the extreme compression fiber E4 up to a relatively 
large value of E4 . The general effects of increasing E4 are: (1) to 
increase the compression and tension steel strains, and hence their stresses 
and forces, unless the strains are o~ the flat-plateau of the stress-strain 
curve; (2) to increase the curvature of the section; and (3) to reduce the 
lever arm of the concrete force and the average stress in concrete compression 
zone, if the value of E4 is greater than Em for which the average stress is 
maximum, and thus to reduce the concrete force. Generally, the tension 
steel strains are in the strain-hardening region, whereas the compression 
steel strains are in the elastic region. Therefore, with increase in E4' 
the compression steel provides enough increase in the compression steel 
force to compensate for the reduction in the concrete force as well as to 
match the increase in the tension force. Thus, the total tension and compres-
sion forces are increased with increase in E4. The moments of the tension 
and compression steel forces about the plastic centroid of the section 
increase, and more than compensate for the reduction in the moment of the 
concrete force. Conse~uently, the total moment increases with increase in E4' 
and the limitation of E to 0.003, as assumed in the ACI Code, results in a 
u 
considerable reduction in the ultimate capacity and curvature of the section 
with high-strength steels of the type considered. 
However, for the flat-top steels 2 and 7, the tension steel stress 
and hence the force remain constant. The increase in the compression steel 
force is just enough to compensate for the reduction in the concrete force, 
and the total tension and compression forces remain constant. The reductions 
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in the concrete force and its lever arm, with increase in E4, result in 
considerable reduction in the moment of the concrete force and hence in the 
total moment. Consequently, the maximum moment occurs at E4 < E , and the 
- m 
limitation of E to 0.003 has little effect on the ultimate capacity of 
u 
the section with flat-top steel. 
Above the balance point. 
At ultimate axial load levels above the balance point, the tension 
steel strains generally are in the elastic region, whereas the compression 
steel strains are either on the flat-plateau or in the strain-hardening 
region. Since the ultimate axial load is quite large, compression steel 
and/or concrete playa greater role in providing the ultimate capacity. For 
the Grade 60 steel with any length of flat-plateau, the compression steel 
stress and force remain constant and the compression steel does not compen-
sate for the reduction in the concrete force for E4 > E , and thus the total 
. m 
compression and tension forces are reduced which, together with the reduction 
in the lever arm of the concrete force, result in reduction in the total 
moment. The compression steel can compensate for the reduction in the con-
crete force only when the compression steel strains are in the strain-hardening 
region. But, this could be reached only at very high values of E4 for which 
the concrete force and its lever arm are reduced so much that the compression 
steel can not provide as much increase in the moment. Co~sequently, the 
maximum moment occurs at E < Em' and there is little effect on the ultimate 
u-
capacity of limiting E to 0.003. 
u 
However, for those steels which have round-house stress-strain 
curves, the compression steel strain, stress and force increase with increase 
in E4' and the extent to which the compression steel compensates for the 
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reduction in the concrete force depends on the relative magnitudes of the 
forces in the concrete and compression steel. For small percentages of 
steel area, the compression steel force is small and the increase in the 
compression steel force is too small to compensate for the reduction in the 
concrete force, and thus the ultimate moment occurs at small values of E4' 
For large percentages of steel, particularly for Grade 75 steel, the com-
pression steel provides enough increase in force to compensate for the 
reduction in the concrete force as well as 'to provide additional compression 
force. Thus, the moment-strain curves continue to rise with increase in E4 
and the maximum moment occurs at value~ of E4 considerably greater than 
0.003. But, in this case, if the compression steel strain is high, buckling 
of compression bars may occur before the maximum moment is reached at E4 
still greater than 0.003. Consequently, the limitation of E to 0.003 
u 
results in reduction in ultimate capacity of the section. 
Also, for a round-house stress-strain curve, when the compression 
steel strain at ultimate capacity lies in that region of the stress-strain 
curve which is be~ow that for the flat-top steel, smaller compression steel 
stress is obtained for the rO-Qild-house steel than for the flat-top steel, and 
hence smaller ultimate moment is calculated when the actual stress-strain 
curve is used in the analysis. This conclusion does not apply to steel 1, 
the stress-strain curve of which never lies below that of the flat-top 
steel 2. 
11.4. Effect of Variation of the Ratio d'!t 
Yielding of the compression steel depends on the ratio d'!t, and 
on P , E and E. If E = 0.003, as assumed in the ACI Code, the compression 
u y u u 
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steel strain may be in the elastic region at lower levels of ultimate axial 
load above the balance point, particularly for small columns (large ratio of 
dl/t) and/or for Grade 75 steel. In this case, increase in E4 increases 
the compression steel strain and hence the stress and the force. Thus, the 
ultimate moment is increased with increase in E even for the flat-top steel. 
u 
11.5. Results of Analyses for Short-Time Loading 
Grade 60 steel. 
For short-time loading of the section with steels 5, 6 and 7, 
practically the same ultimate moments and ultimate curvatures are obtained 
at all levels of ultimate axial load, if E is limited to 0.003, except for 
u 
very small values of the ratio ~ = Ptfy/f~ in combination with low levels 
of ultimate axial load, in which case the tension steel strains reach the 
strain-hardening region of the stress-strain curve, and greater ultimate 
capacity is calculated for steels 5 and 6 than for steel 7. But, for steel 8, 
considerable decrease in ultimate capacity is obtained for E < 0.003, as 
u-
compared to that for steel 7. For E < 0.010, at ultimate axial load levels 
u-
below the balance point, large increases in ultimate capacities and curvatures 
of the section are obtained for steels 5, 6 and 8 in comparison with steel 7. 
This increase in ultimate capacity decreases with increase in P. At 
u 
ultimate axial load levels above the balance point, steels 5, 6 and 7 are all 
alike, but co~siderable decrease in ultimate capacity is obtained for steel 8 
as compared to that for steel 7. At ultimate axial load levels between the 
balance point and 0.45 P07' since the compression steel does not yield for 
E4 = 0.003, allowing a higher limit on Eu results in greater ultimate moment 
and curvature for steels 5, 6 and 7. For this reason, the ultimate axial 
load at balanced conditions decreases with increase in Pt' 
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Grade 75 steel. 
For short-time loading of the section with the flat-top steel 2, 
at ultimate axial load ·levels below the balance point, when the value of 
qt is such that the tension steel yields at EU = 0.003, little increase in 
ultimate capacity is obtained by allowing a higher limit on E. But at 
u 
lower levels of ultimate axial load above the balance pOint, the compression 
steel does not yield at E = 0.003, and the ultimate capacity is considerably 
u 
increased by allowing a higher limit on E·. This increase in ultimate 
u 
capacity decreases with increase in P
u 
but increases with increase in qt' 
Also, when the ultimate moment occurs at E > 0.003, ultimate curvature is 
u 
considerably increased as compared to that at E = 0.003. 
u 
For steel 1, when E is limited to 0.003, practically the same 
u 
ultimate moments and curvatures are obtained as for steel 2 for all values 
of 'It and at all levels of ultimate axial load, except for small values of 
~ in comoination with low levels of ultimate axial load, in which case a 
small increase in ultimate capacity is accompanied by a very small decrease 
in ultimate curvature for steel 1. But with E < 0.010 for steel 1, con-
u 
siderable increases in ultimate capacities and curvatures are obtained as 
compared to those for steel 2 with E < 0.003 in accordance with the ACI 
u-
Code. This relative increase in ultimate capacity decreases with increase in 
P
u 
but increases with increase in ~ up to a certain value of ~ when the 
compression steel can provide the re~uired increase in the compression force. 
The level of ultimate axial load up to which the increase in ultimate 
capacity is obtained for steel 1 increases with increase in ~. 
For steels 3 and 4, the stress-strain curves of which lie partly 
below and partly above that for steel 2, when E is limited to 0.003, greater 
u 
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ultimate capacities are obtained as compared to steel 2 at low levels of P 
u 
in combination with small values of But, at higher levels of P , 
u 
siderably smaller ultimate capacities are obtained for steels 3 and 4. 
Also, there is little effect on curvatures for these steels. But, for 
con-
E < O.OlO, considerable increase in ultimate capacities are obtained for 
u-
steel 3 and 4 at lower levels of P , as compared to steel 2 with E < 0.003. 
u u-
Greater increase in ultimate capacity is obtained for steel 3 than for 
steel 4. At higher levels of P , although the ultimate capacities for 
u 
steels 3 and 4 are increased by allowing a higher limit on E , they are still 
u 
smaller than those for steel 2. The decrease in ultimate capacity is greater 
for steel 4 than for steel 3. The levels of P above which the ultimate 
u 
capacities for steels 3 and 4 are smaller than those for steel 2 increase 
with increase in~. The effects of the stress-strain curves for steels 3 
and 4 on the ultimate curvature are similar to those for steel 1. 
11.6. Results of Analyses for Slow Loading 
When a reinforced concrete section is loaded slowly and continuously, 
creep and shrinkage of concrete occur during the loading process. The con-
crete stress-strain relationship used in analyses for slow loading is shown 
in Fig. 9.1. Such a stress-strain relationship results in large values of 
E and hence in large values of compression and tension steel strains. 
u 
Therefore, greater steel stresses are obtained for those steels which have a 
portion of their stress-strain curves above the conventional flat-plateau, 
and greater ultimate capacities are obtained for strain-hardening steels than 
for flat-top steels at all levels of P. However, the increase in ultimate 
u 
capacity is much larger at lower levels of P , when both tension and com-
u 
pression steels provide an increase in ultimate capacity, than at higher 
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levels when only compression steel plays the major role in providing the 
ultimate capacity. This is true for steels of both Grades 60 and 75. Also, 
at high levels of P , those steels which have round-house stress-strain 
u 
curves do not give smaller ultimate capacities than the flat-top steel 
since the compression steel strains are large enough to give compression 
steel stresses at least e~ual to f for the flat-top steels. Since E is y u 
almost the same for strain-hardening steels and for the flat-top steels, 
practically the same ultimate curvatures are obtained for these steels 
except at low levels of P when greater curvatures are obtained for the 
u 
flat-top steels. 
11.7. Results of Analyses for Combination of Sustained and Short-Time Loadings 
When a given axial load P and bending moment M are applied in a 
short time and sustained over the section for any desired period of time, 
creep and shrinkage of concrete occur which increase the concrete strains 
but reduce the concrete stresses. If the section is then further loaded up 
to failure in a s~ort time, the stress-strain relationship for concrete is 
intermediate between those for short'-time loading and slow loading, as shown 
in Fig. 9.13. As a result, steel strains greater than those for short-time 
loading but smaller than those for slow loading are obtained. Unless the 
steel strains are on the flat-plateau, greater steel stresses are obtained 
for the combination of sustained and short-time loading than for short-time 
loading. Conse~uently, greater ultimate moments are obtained for those 
steels which have round-house stress-strain curves. At low levels of P , the 
u 
increase in ultimate moment is very small. However, at high levels of P , 
u 
the increase in ultimate moment is at least enough to compensate for the 
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reduction in ultimate moment obtained for these steels for short-time 
loading as compared to the flat-top steels. Of course, this increase in 
ultimate capacity depends on the period of sustained load. 
11.8. Results of Analyses for Cadweld-Spliced Reinforcing Bars 
Cadweld-spliced reinforcing bars have round-house stress-strain 
curves for the region of the bar containing the splice. Their stress-strain 
rela tionship depends on the gage length us'ed for measuring the strains, and 
is different for the splice in compression and in tension. Typical con-
servative stress-strain curves for such bars over a gage length of 10 in. 
are shown in Figs. 10.1 and 10.2 for Grade 60 and 75 bars, respectively. 
Like other strain-hardening steels, the ultimate capacity of the section 
with Cadweld-spliced reinforcing bars for short-time loading, at low levels 
of P below the balance point, is considerably greater than that for the 
u ' , 
flat-top steel of the same grade when the higher limit on E up to 0.010 is 
u 
permitted. At ultimate axial load levels near the balance point, the shapes 
of the stress-str~in curves of these bars result in smaller ultimate 
capacity as compared to that for the flat-top steel. At higher load levels, 
very small reduction in ultimate capacity is obtained for the spliced bars. 
Limitation of E to 0.003 results in considerable decrease in the ultimate 
u 
capacity of the section for the spliced bars, particularly at lower levels 
of P. The effect on the ultimate curvatures of the section with spliced 
u 
bars is similar to that with steels 8 and 4. Ultimate capacity of the 
section with spliced bars, as compared to that of the section with flat-top 
steel, is increased by loading the section slowly, or by using the combination 
of sustained and short-time loading. The analyses for slow loading of the 
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section in one year, and for a one-year period of sustained load, have 
shown that greater ultimate capacity is obtained for the spliced bars than 
for the flat-top steel at all levels of P
u 
and for all values of ~, except 
for the small value of ~ in a very small region of the load-moment diagram 
near the balance point, in which case slightly smaller ultimate capacity 
is obtained for the spliced bars. 
219 
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TABLE 2. 1 
COMPAR I SON OF STRAINS, FORCES AND MOMENTS 
FOR VARIOUS CASES AS EXPLAINED IN SECTION 2.1 
LEVER M M M M 
CASE P P P kd ARM M u u u u E E3 E2 M Mu2 Mu3 MU4 u sc st c u u 1 
,I: kips kips kips in. in. in.-kips 
P = 100 kips 
u 
0.003 0.00144 -0.00325 188 -338 250 5.75 9.55 3630 1.00 1. 01 1.04 0.81 
2 0.003 0.00153 -0.00287 207 -338 230 6.13 9.49 3600 0.99 1. 00 1. 03 0.81 
3 0.003 0.00148 -0.00301 200 -322 222 5.93 9.58 3480 0.96 0.97 1.00 0.78 
4 0.010 0.00477 -0.01090 369 -449 180 5.74 8.81 4460 1. 23 1. 24 1. 28 1. 00 
P = 800 kips 
u 
J\) 
0.003 0.00224 0.00003 291 4 513 11.85 6.95 2590 1. 00 1. 07 1. 18 1. 06 J\) f-l 
2 0.003 0.00227 0.00010 307 13 479 12.41 6.81 2430 0.94 1.00 1. 11 0.99 
3 0.003 0.00230 0.00020 277 27 496 12.86 6.64 2190 0.85 0.90 1. 00 0.89 
4 0.005 0.00373 -0.00007 344 -9 465 11.84 6.36 2450 0.95 1.01 1. 12 1. 00 
*-is for tension 
Mu1 M for Case M :::: M for Case 2 u u2 u 
Mu3 M for Case 3 M = M for Case 4 u u4 u 
TABLE 6. 1 
COMPARISON OF ANALYTICAL RESULTS WITH GASTON'S TESTS (C-SER I ES) 
REINFORCEMENT ULTIMATE MOMENT M 
BEAM fl AMOUNT AND d f fl pi MEASURED CALCULATED meas. SIZE p M M M E C Y Y calc. calc. u TENS. COMPo % % meas. 
psi STEEL STEEL in. ks i ks i ft-kips ft-kips calc. 
C2w 3940 2-6 2-4 10.58 45.4 44.5 1.38 0.62 41.7 41.4 1.01 0.0085 
C2xm 4070 2-6 2-4 10.58 53.3 47.0 1 .38 0.62 44.8 42.6 1 .05 0.0085 
C3w 4310 2-9 2-7 10.37 41.8 46.7 3.22 1. 93 70. 1 72.6 0.97 0.0100 
C3xm 3890 2-9 2-7 10.37 41.8 42.5 3.22 1. 93 70.2 70.6 0.99 0.0100 
C3yna 3330 2-7 2-5 10.51 45.2 56. 1 1. 90 0.98 49.8 52.4 0.95 0.0100 
C3ynb 4860 2-9 2-7 10.37 42.1 47.4 3.22 1. 93 74.2 74. 1 1.00 0.0100 
C4xna 2450 2-7 2-5 10.51 45.5 41.4 1.90 0.98 44.0 46. 1 0.96 0.0100 
C4xnb 2430 2-7 2-6 10.51 46.4 44.1 1. 90 1 .39 49.0 50.5 0.97 0.0100 
C4zn 3570 2-9 2-7 10.37 41.3 46.4 3.22 1. 93 72.0 71 .5 1 .01 0.0100 
C5yn 4480 4-8 2-8 9.38 44.0 43.4 5.61 2.80 90.8 91.0 1.00 0.0030 
C6xm 3680 4-8 2-8 9.3841.8 40.2 5 ~ 61 2.80 86.6 86.0 1.01 0.0030 
C7w 3480 4-8 2-8 9.38 41.6 43.6 5.61 2.80 85.2 86.0 0.99 0.0030 I\) I\) 
I\) 
TABLE 602 
COMPARISON OF ANALYTICAL RESULTS WITH GASTON'S TESTS (T-SERIES) 
REINFORCEMENT ULTIMATE MOMENT M BEAM f' AMOUNT AND d f p MEASURED CALCULATED meas. E c SIZE y M M M u % meas. calc. calc. 
calc. 
psi in. ks i ft-kips ft-kips 
T1Lb 2520 2-4 10.72 54.3 0.34 20. 17 19.75 1.02 0.007 
T4La 2380 2-7 10.51 44.1 1.90 39.30 39.40 1.00 0.003 
T5L 2500 2-9 10.37 40.2 3.22 53.87 54.20 0.99 0.003 
T1Ma 4600 2-4 10.72 46.2 0.62 19.51 21.20 0.93 0.008 
T3Ma 4800 2-9 10.37 41.0 3.22 61.86 60.60 1.02 0.003 
T5H 5900 4-9 9.23 40.6 7.22 86.30 90.40 0.96 0.003 
(I) 
(I) 
\J.J 
.. -.-- ------- - .. _. - ._----
TABLE 6.3 
COMPARISON OF ANALYTICAL RESULTS WITH HAJNOL-KONYIIS·TESTS 
TYPE OF CUBE ESTIMATED ULTIMATE MOMENT M BEAM REINFORCEMENT Ast f b d STRENGTH f I MEASURED CALCULATED meas. E y c M M M u 
meas. calc. calc. 
calc. 
. 2 In. ksi in. in. psi psi in.-kips in.-kips 
1 H OVAL 0.788 73.2 8.0 16. 15 6265 5140 1012.7 987.2 1. 03 0.005 TWISTED 
2L OVAL 0.785 77.5 8.0 15.95 3090 2530 814.7 803.8 1.01 0.005 [\.) TWISTED [\.) 
+ 
AMERICAN 
9L RIBBED H.T. 0.775 65.4 8.0 16.00 2720 2330 814.7 812.9 1.00 0.006 
TWISTED 
17L TENTOR 0.401 84.9 8.0 16. 19 2950 2420 561. 7 581.4 0.97 0.006 
TABLE 6.4 
COMPARISON OF ANALYTICAL RESULTS WITH EVANS'S TESTS 
COLUMN CUBE PROOF ECCENTRICITY MEASURED e ULTIMATE LOAD P STRENGTH Pt STRESS OF DEFLECTION =e' + y MEASURED CALCULATED meas. P E APPLIED P P calc. u 
LOAD meas. calc. calc. y 
e l 
ps i ks i in. in. in. kips kips 
1 b 5000 0.0100 68.5 12.5 0.8 13.30 33.6 33.5 1. 00 .0090 
2c 2500 0.0100 68.5 7.5 0.8 8.30 51.5 48.0 1.08 .0055 
3c 2240 0.0100 68.5 2.5 0.4 2.90 112.0 108.0 1.04 .0040 
4a 5660 0.0225 69.0 12.5 0.6 13.10 58.3 64.5 0.91 .0095 
5a 4100 0.0225 69.0 7.5 0.5 8.00 103.!;j 100.0 1.04 .0055 f\) 
6a 6100 0.0225 69.0 2.5 0.4 2.90 292.0 273.0 1.07 00035 f\) \Jl 
7b 5600 0.0400 66.6 12.5 0.6 13.10 89.6 91.0 1. 01 .0085 
8b 3400 0.0400 66.6 7.5 0.4 7.90 134.4 13200 1.02 .0065 
9c 3700 0.0400 66.6 2.5 0.35 2.85 276.0 258.0 1. 07 .0050 
lOb 5850 0.0600 65.5 12.5 0.7 13.20 134.4 130.0 1. 03 .0070 
11 b 4000 0.0600 65.5 7.5 0.6 8.10 170.2 175.0 0.97 .0070 
12a 5000 0.0600 65.5 2.5 0.28 2.78 381.0 365.0 1.04 .0045 
13b 3000 0.0560 63.0 12.5 0.6 13.10 121. 0 129.0 0.94 .0065 
14c 3500 0.0760 63.0 7.5 0.5 8.00 202.0 194.0 1. 05 .0060 
15c 5500 0.0760 63.0 2.5 0.4 2.90 421.0 415.0 1.02 .0060 
TABLE 6.5 
COMPARISON OF ANALYTICAL RESULTS WITH TODESCHINIIS TESTS 
REINFORCEMENT ULTIMATE LOAD P 
COLUMN AMOUNT AND f fl MEASURED CALCULATED meas. Pt e P Eu SIZE y c P P calc. 
meas. calc. calc. 
ks i psi in. kips kips 
SA 4 - 5 0.0101 103.6 3716 3.5 200 207 0.97 0.0045 
5B3 4 - 5 0.0101 99.0 5242 3.5 275 256 1.07 0.0045 
5C3 4 - 5 0.0101 104.5 . 6816 3.5 310 320 0.97 0.0045 
9A3 4 - 9 0.0331 86.8 3962 3.5 300 304 0.99 0.0060 
I\) 
9B3 4 - 9 0.0331 87.2 4382 3.5 312 305 1.02 0.0060 I\) CJ\ 
9C3 4 - 9 000331 87.2 6130 3.5 375 384 0.98 0.0045 
9C3R 4 - 9 0.0331 85.9 7708 3.5 450 448 1.00 0.0045 
5B5 4 - 5 0.0101 101.0 4729 5.5 160 155 1.03 0.0055 
9B5 4 - 9 0.0331 88. 1 4243 5.5 220 235 0.97 0.0075 
Steel 
7 
5 
6 
8 
7 
5 
6 
8 
7 
5 
6 
8 
TABLE 7.1 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR STEELS 
5, 6, 7 AND 8 AT P
u 
= a AND E4 = 0.003 
f, 
Pt c qt 13 ( 2 
psi 
":." 
0.01 5000 0.12 -0.00121 -0.01384 
0.01 5000 0.12 -0.00095 -0.01278 
0.01 5000 0.12 -0.00111 -0.01343 
0.01 5000 0.12 -0.00100 -0.01300 
0.04 4000 0.60 0.00086 -0.00554 
0.04 4000 0.60 0.00094 -0.00526 
0.04 4000 0.60 0.00086 -0.00554 
0.04 4000 0.60 0.00088 -0.00548 
0.08 3000 1.60 0.00147 -0.00310 
0.08 3000 1.60 0.00148 -0.00309 
0.08 3000 1.60 0.00147 -0.00310 
0.08 3000 1.60 0.00137 -0.00351 
Depth 
to 
N.A. 
in. 
2.14 
2.28 
2.19 
2.25 
4.21 
4.36 
4.21 
4.24 
5.91 
6.54 
5.91 
5.53 . 
Leve r 
Arm 
in. 
11. 11 
11.05 
11.09 
11.07 
10.34 
10.28 
10.34 
10.33 
9.63 
9.58 
9.63 
9.81 
Moment 
M 
in. -k ips 
834 
984 
890 
952 
264·1 
2765 
2641 
2669 
4958 
4967 
4958 
4644 
-,', - i s ten s ion 
- ----"- - _ .. _-------.----
Curvature 
cD 
-6 10 / in. 
1403 
1315 
1370 
1333 
712 
688 
712 
878 
508 
507 
508 
542 
M ! 
M7 cD 7 
1. 00 1.000 
1.18 0.944 
1.07 0.979 
1.14 0.952 
1.00 1.000 
1.05 0.969 
1. 000 1. 00 
1.010 0.992 
1.000 1.000 
1.000 0.998 
1.000 1.000 
0.937 1.07 
f\) 
f\) 
--.1 
TABLE 7.2 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES 
FOR STEELS 5, 6, 7 AND 8 AT ULTIMATE CAPACITY FOR P = 0 
u 
Depth Lever 
Steel Pt fl qt E E3 E2 ¢ M to Arm c u u u N.A. 
psi ,'. ,'. -6 in.-kips in. in. " " 10 lin. 
7 0.01 5000 0.12 0.003 -0.00121 -0.01384 1403 834 2.14 11.11 
5 0.01 5000 0.12 0.010 -0.00049 -0.03200 3497 1095 2.86 10.42 
6 0.01 5000 0.12 0.010 -0.00067 -0.03278 3565 1015 2.81 10.45 
8 0.01 5000 0.12 0.010 -0.00050 -0.03238 3532 1053 2.83 10.43 
7 0:01 3000 0.20 0.003 -0.00038 -0.01050 1126 760 2.66 10.90 
5 0.01 3000 0.20 0.010 0.00065 ~0.02740 3116 ·995 3.21 10.25 
6 0.01 3000 0.20 0.010 0.00043 -0.02830 3190 918 3.14 10.28 
f\) 
8 0.01 3000 0.20 0.010 0.00053 -0.02790 3156 953 3.17 10.27 f\) CD 
7 0.04 5000 0.48 0.003 0.00067 -0.00630 775 2700 3.87 10.49 
5 0.04 5000 0.48 0.010 0.00189 -0.02240 2703 3581 3.70 10.08 
6 0.04 5000 0.48 0.010 0.00166 -0.02330 2779 3283 3.60 . 10.15 
8 0.04 5000 0.48 0.010 0.00198 -0.02210 2674 3387 3.74 10.06 
7 0.04 4000 0.60 0.003 0.00086 -0.00554 712 2641 4.21 10.34 
5 0.04 4000 0.60 0.010 0.00206 -0.02170 2646 3528 3.78 10.03 
6 0.04 4000 0.60 0.010 0.00183 -0.02270 2724 3224 3.67 10.10 
8 0.04 4000 0.60 0.010 0.00247 -0.02010 2508 3268 3.99 9.89 
TABLE 702 (continued) 
Depth Lever 
Steel Pt f' qt E E3 e2 cD M to Arm c u u u N.A. 
-6 ;'~ ...,'\ 10 lin. In.-kips in. in. 
7 0.04 3000 0.80 0.003 0.00107 -0.00472 643 2580 4.66 10.15 
5 0.04 3000 0.80 0.010 0.00289 -0.01840 2369 3351 4.22 9.74 
6 0.04 3000 0.80 0.010 0.00199 -0.02200 2688 3165 3.75 10.05 
8 0.04 3000 0.80 '0.010 0.00304 -0.01790 2322 3138 4.31 9.68 
7 0.08 5000 0.96 0.003 0.00123 -0.00409 591 5088 5.08 10.04 
5 0.08 5000 0.96 0.010 0.00346 -0.01610 2179 6420 4.59 9.55 
6 0.08 5000 0.96 0.010 0.00245 -0.02020 2517 0142 3.97 10.03 
8 0.08 5000 0.96 0.010 0.00355 -0.01580 2151 6061 4.65 9.51 
7 0.08 3000 1. 60 0.003 0.00147 --0.00310 508 4958 5.90 9.63 [\) 
-0.01300 
[\) 
5 0.08 3000 1. 60 0.010 0.00425 1974 6029 5.22 9.13 \0 
6 0.08 3000 1.60 0.010 0.00327 -0.01690 2243 5738 4.46 9.65 
8 0.08 3000 1.60 0.010 0.00431 -0.01278 1898 5742 5.27 9.09 
,', - i s ten s ion 
TABLE 7.3 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR STEELS 5, 6, 7 AND 8 
AT ULTIMATE CAPACITY FOR P
u 
= 0.05 P07 
DEPTH LEVER 
STEEL fl ¢ M TO ARM Pt qt E E3 E2 u u N. Ao c u 
-6 psi "'/\ "'/\ 10 lin. i n.-kips in. in. 
7 0.01 5000 O. 12 0.003 -0.00037 -0.01048 1124 1103 2.67 10.89 
5 0.01 5000 o. 12 0.010 0.00069 -0.03655 3104 1302 3.22 10.24 
6 0.01 5000 O. 12 0.010 0.00048 -0.02807 3172 1224 3. 15 10.27 
8 0.01 5000 o. 12 0.010 0.00057 -0.02771 3142 1258 3. 18 10.26 
7 0.01 3000 0.20 0.003 0.00020 -0.00820 933 926 3.22 10.68 
5 0.01 3000 0.20 0.010 0.00144 -0.02423 2852 1122 3.51 10.09 
6 0.01 3000 0.20 0.010 0.00124 -0.02502 2919 1049 3.43 10. 14 
8 0.01 3000 0.20 0.010 0.00133 -0.02469 2891 '1080 3.46 10. 12 [\) 
'vJ 
0 
7 0.04 5000 0.48 0.003 0.00101 -0.00495 662 3013 4.53 10.21 
5 0.04 5000 0.48 0.010 0.00308 - 0 • 0 17 67 2306 3680 4.34 9.66 
6 0.04 5000 0.48 0.010 0.00221 -0.02115 2596 3510 3.85 9.98 
8 0.04 5000 0.48 0.010 0.00316 -0.01735 2280 3484 4.39 9.63 
7 0.04 4000 0.60 0.003 0.00116 -0.00436 614 2906 4.89 10.05 
5 0.04 4000 0.,60 0.010 0.00352 -0.01592 2160 3508 4.63 9.48 
6 0.04 4000 0060 0.010 0.00270 -0.01920 2433 3341 4. 11 9.81 
8 0.04 4000 0.60 0.010 0.00359 -0.01565 2138 3332 4.68 9.45 
TABLE 7.3 (continued) 
DEPTH LEVER 
STEEL fl <P M TO ARM Pt qt E E3 E2 u u N. A. c u 
-6 psi i'~ ...,', 10 lin. in.-kips in. in. 
7 0.04 3000 0.80 0.003 0.00133 -0.00369 557 2798 5.39 9.82 
5 0.04 3000 0.80 0.010 0.00404 -0.01383 1986 3320 5.04 9.23 
6 0.04 3000 0.80 00010 0.00325 -0.01701 2251 3150 4.44 9.59 
8 0.04 3000 0.80 0.010 0.00410 -0.01361 1967 3168 5.08 9.20 
7 0.08 5000 0.96 0.003 0.00146 -0.00315 512 5468 5.85 9.66 
5 0.08 5000 0.96 0.010 0.00447 -0.01210 1842 6361 5.43 8.99 
6 0.08 5000 0.96 0.010 0.00373 -0.01509 2091 5993 4.78 9.42 
8 0.08 5000 0.96 0.010 0.00451 -0.01194 1829 6096 5.47 8.97 
7 0.08 3000 1.60 0.003 0.00168 -0.00228 440 5257 9.20 6.82 
5 0.08 3000 1. 60 0.010 0.00511 -0.00955 1630 5915 6. 14 8.55 
6 0.08 3000 1.60 0.010 0.00438 -0.01247 1872 5547 5.34 9.05 
8 0.08 3000 1.60 0.010 0.00511 -0.00955 1630 5687 6. 14 8.55 
(\) 
'vi 
,',- is for tens ion I-' 
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TABLE 7.4 
COMPARISON OF ULTIMATE MOMENTS AND ULTIMATE CURVATURES 
FOR STEELS'S, 6, 7 AND 8 AT ULTIMATE AXIAL LOAD LEVELS BELOW THE BALANCE POINT 
STEEL 5 STEEL 6 STEEL 8 
P MuS cP u5 M cP u6 Mu8 cP u8 
-1:L .~ qt P07 MU7 cP u7 MU7 cP u7 MU7 cP u7 
o. 12 0.0 1 .31 2.49 1.22 2.54 1 .26 2.52 
0.20 0.0 1 .31 2.77 1 .21 2083 1 .25 2.80 
0.48 0.0 1.33 3.49 1 .22 3.59 1.25 3.45 
0.60 0.0 1.34 3.52 1.22 3.83 1.24 3.52 
0.80 0.0 1.30 3.68 1.23 4. 15 1.22 3.61 
0.96 0.0 1026 3.69 1 .21 4.26 1 • 19 3.64 
1. 60 0.0 1 .22 3.89 1 • 16 4.42 1 • 16 3.74 
O. 12 0.05 1 • 18 2.76 1 • 1 1 2.82 1 • 14 2.80 
0.20 0.05 1 .21 3.06 1 • 13 3.13 1 • 17 3.10 
0.48 0.05 1 .22 3.48 1 • 17 3.92 1 • 16 3.44 
0.60 0.05 1.21 3.52 1 • 15 3.96 1 • 15 3.48 
0.80 0.05 1 • 19 3.57 1 • 13 4.04 1 • 13 3.53 
0.96 0.05 1 • 16 3.60 1 • 10 4.08 1 • 1 1 3.57 
1. 60 0.05 1 • 13 3.70 1.06 4.25 1.08 3.70 
M = 
uS ultimate moment for steel 5 
M = 
u6 ultimate moment for steel 6 
Mu7 = ultimate moment for steel 7 
Mu8 = u 1 t imate moment for s tee 1 8 
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TABLE 7.7 
COMPARISON OF ULTIMATE MOMENTS FOR 
STEELS 5 AND 7 WITH DIFFERENT VALUES OF d'/t, p = 0.04, fl = 4000, t c 
d l t = o. 15 d l t = 0.20 
P j /P 07 P MU7 Mu5 Mu5 MU7 Mu5 u 
in.-kips in.-kips MU7 in.-kips in.-kips 
BELOW BALANCE POINT FOR d'/t = 0.20 
0 0 2946 4093 '1 .39 2641 3528 
0.079 100 3422 4041 1 • 18 3048 3501 
0.158 200 3826 3983 1.04 3389 3548 
ABOVE BALANCE POINT FOR d'/t = 0.20 
0.236 
0.-31 5 
300 
400 
4030 
3712 
4072 
3811 
Mu5 = ultimate moment for steel 5 
Mu7 ultimate moment for steel 7 
1 .01 
1.03 
3337 
3175 
3648 
3372 
qt 
Mu5 
MU7 
1.34 
1 • 15 
1.05 
1.09 
1 .06 
0.60 
TABLE 8.1 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR STEELS 1, 3 AND 4 WITH THOSE FOR STEEL 2 
AT P u = 0 AND E4 = 0.003 
DEPTH LEVER MOMENT CURVATURE M ¢ STEEL Pt fl qt E3 E2 TO ARM -c N. A. M ¢ M2 ¢2 
psi ;': if, in. in. in.-kips -6 10 lin. ...,', 
2 0.01 5000 O. 15 -0.00091 -0.01264 2.30 11.05 995 1304 1.00 1.00 
1 0.01 5000 O. 15 -0.00046 -0.01084 2.60 10.92 1282 1153 1.29 0.88 
3 0.01 5000 O. 15 -0.00049 -0.01096 2.58 10.93 1261 1163 1.27 0.89 
4 0.01 5000 O. 15 -0.00073 -0.01191 2.41 11.00 1114 1243 1 • 12 0.95 
2 0.04 4000 0.75 -0.00115 -0.00438 4.88 10.05 3228 615 1.00 1 .00 II) \j.J 
1 0.04 4000 0.75 0.00129 -0.00385 5.25 9.88 3497 571 1.08 0.93 CJ\ 
3 0.04 4000 . 0.75 0.00122 -0.00411 5.07 9.97 3368 592 1.07 0.96 
4 0.04 4000 0.75 0.00107 -0.00472 4.66 10. 15 3064 643 0.95 1.04 
2 0.08 3000 2.00 0.00167 -0.00233 6.75 9.23 5711 444 1.00 1.00 
1 0.08 3000 2.00 0.00167 -0.00233 6.75 9.23 5711 444 1.00 1.00 
3 0.08 3000 2.00 0.00135 -0.00360 5.45 9.85 5510 550 0.96 1.24 
4 0.08 3000 2.00 0.00150 -0.00298 6.00 9.58 5057 499 0.87 1.73 
*- is for tension 
Mu2 = moment for steel 2, ¢2= curvature for steel 2 
TABLE 8.2 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES AT ULTIMATE CAPACITY 
FOR STEELS 1, 3 and 4 WITH THOSE FOR STEEL 2 AT P = 0 
u 
DEPTH LEVER 
STEEL Pt fl qt E E3 E2 cP M TO ARM c u u u N. A. 
psi ,'~ ,I~ 10- 6/. . k' in. in. (\ I n. In. - IpS 
2 0.01 5000 0.15 0.0030 -0.00091 -0.01264 1304 995 2.30 11.05 
0.01 5000 0.15 0.0060 -0.00041 -0.01964 2137 1334 2.81 10.62 
3 0.01 5000 0.15 0'.0060 -0.00041 -0.01964 2137 1334 2.81 10.62 
4 0.01 5000 0.15 0.0075 -0.00059 -0.02486 2696 1181 2.78 10.56 
2 0.01 3000 0.25 0.0030 -0.00009 -0.0096 1030 916 2.91 10.79 
0.01 3000 0.25 0.0100 0.00127 -0.02494 2911 1227 3.43 10.13 
3 0.01 3000 0.25 0.0100 0.00127 -0.02494 2911 1227 3.44 10.13 f\) \...N 
4 0.01 3000 0.25 0.0100 0.00091 -0.02636 3030 1086 3.30 10.20 
--.:) 
2 0.04 4000 0.75 0.0030 0.00115 -0.00438 615 3228 4.88 10.05 
0.04 4000 0.75 0.0100 0.00321 -0.01716 2264 4460 4.42 9.61 
3 0.04 4000 0.75 0.0100 0.00358 -0.01567 2140 4402 4.67 9.45 
4 0.04 4000 0.75 0.0100 0.00315 -0.01739 2282 3802 4.38 9.63 
2 0.08 5000 1.20 0.0030 0.00151 -0.00294 495 6224 6.06 9.56 
0.08 5000 1.20 0.0100 ' 0.00422 -0.01313 1928 8523 5.19 9.15 
3 0.08 5000 1.20 0.0100 0.00444 -0.01222 1852 8299 5.40 9.00 
4 0.08 5000 1.20 0.0100 0.00411 -0.01357 1964 7183 5.09 9.21 
TABLE 8.2 (continued) 
STEEL Pt fl qt E E3 E2 c u 
psi ~'~ ~'r 
2 0.08 3000 2.0 0.0030 0.00167 -0.00233 
0.08 3000 2.0 0.0100 0.00480 -0.01078 
3 0.08 3000 2.0 0.0100 0.00500 -0.01000 
4 0.08 3000 2.0 0.0100 0.00476 -0.01095 
for 
,I, - tens ion 
cp M 
u u 
-6 10 / in. in.-kips 
444 5711 
1732 8224 
1666 7884 
1746 6854 
DEPTH 
TO 
N. A. 
in. 
6.75 
5.77 
6.00 
5.73 
LEVER 
ARM 
in. 
9.23 
8.77 
8.63 
8.80 
f\) 
'v.J 
(X) 
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TABLE 8.3 
COMPARISON OF ULT I MATE MOMENTS AND CURVATURES 
FOR STEELS 1, 3 AND 4 WITH THOSE FOR STEEL2 
STEEL STEE L 3 STEEL 4 
P Mu1 cD u 1 Mu3 cD u3 Mu4 cD u4 qt .-!:!. 
P02 Mu2 cD u2 Mu2 cD u2 Mu2 cD u2 
O. 15 0 1.34 1 .64 1.34 1. 64 1. 19 2.07 
0.25 0 1.34 2.83 1.34 2.83 1. 19 2.94 
0.75 0 1. 38 3.52 1 .3'6 3.48 1. 18 3.71 
1.20 0 1 .37 3.90 1.33 3.74 1. 16 3.97 
2.00 0 1.44 3.90 1.38 3.75 1.20 3.93 
M 
u 1 ultimate moment for steel 
Mu2 = ultimate moment for steel 2 
Mu3 = ultimate moment for s tee 1 3 
Mu4 = ultimate moment for s tee 1 4 
¢ 
ul ultimate curvature for s tee 1 
¢u2 ultimate curvature for steel 2 
¢u3 = ultimate curvature for steel 3 
¢u4 ultimate curvature fo.r s tee 1 4 
TABLE 8.4 
COMPARISON OF ULTIMATE MOMENTS AND CURVATURES FOR STEELS 1,3 AND 4 WITH THOSE FOR STEEL 2 
AT ULTIMATE AXIAL LOAD LEVELS ABOVE THE BALANCE POINT 
STEEL 2 STEEL'1 STEEL 3 STEEL 4 
P 
Mu2 
P 
Mu1 Mu1 
P 
Mu3 Mu3 
P 
Mu4 MU4 qt -!:!.. u u -!:!.. 
P02 in-kips 
P02 in-kips 
Mu2 P02 in-kips 
Mu2 P02 in-kips 
M02 
o. 15 0.350 2180 0.367 2280 1.05 0.356 2220 1.02 0.348 2160 0.99 
0.25 0.350 1500 0.377 1610 1.07 0.364 1565 1.04 0.350 1500 1. 00 
0.75 0.350 3100 0.400 3520 1. 13 0.388 3460 1. 11 0.357 3180 1. 02 
1.20 0.350 5050 0.420 6050 1.20 0.395 5650 1. 12 0.360 5230 1 .04 
2.00 0.350 4280 0.437 5310 1.24 0.400 4850 1. 13 0.370 4510 1006 
o. 15 0.600 1860 0.605 1870 1.01 0.595 1840 0.99 00685 1820 0.98 f\) 
0.25 0.600 1240 0.607 1260 1.02 0.582 1220 0.98 00575 1190 0.96 ..p-
0.75 0.600 2290 0.622 2380 1.04 0.600 2290 1.00 0.560 2150 0.94 0 
1.20 0.600 3670 0.645 3920 1.07 0.615 3730 1.02 0.560 3420 0.93 
2.00 0.600 3020 0.675 3400 1 • 12 0.643 3220 1.07 0.675 2910 0.96 
STEEL Pt f' c 
TABLE 9. 1 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR STEELS 5, 7 AND 8 
FOR SLOW TEST--LOW LEVELS OF ULTIMATE AXIAL LOAD 
qt E u ~3 E2 
DEPTH LEVER 
TO ARM 
N.A. 
M 
u 
cp 
u 
psi ~I, ~f\ in. in. in.-kips -6 10 lin. 
7 
5 
8 
7 
5 
8 
7 
5 
8 
7 
5 
8 
0001 3000 0.20 
0001 3000 0.20 
0.01 3000 0.20 
0.08 3000 1.60 
0.08 3000 
0.08 3000 
1.60 
1.60 
0.01 3000 0.20 
0001 3000 0.20 
0.01 3000 0.20 
0.08 3000 1.60 
o . 08 3000 1 • 60 
o .08 3000 1.60 
'k_ is for tens ion 
P = 0 
u 
0.0090 -0.00024 -0.02800 
0.0100 0.00050 -0.02799 
0.0100 Q.00038 -0.02846 
0.0100 
0.0100 
0.0100 
0.00174 -0.02305 
0.00468 -0.01428 
0.00422 -0.01312 
2.92 
3. 16 
3. 12 
3.63 
5. 13 
5. 19 
P = 100 kips 
u 
0.0090 
0.0100 
0.0100 
0.0100 
0.0100 
0.0100 
0.00206 -0.01874 
0.00346 -0.01617 
0.00350 -0.01600 
0.00309 -0.01762 
0.00525 -0.00900 
0~00525 -0.00900 
3.89 
4.59 
4.62 
4.34 
6.32 
6.32 
10.82 
10.70 
10.71 
10.67 
10.01 
9.98 
10.44 
10. 12 
10. 11 
10.39 
9.43 
9.43 
748 
1043 
999 
5005 
6173 
5878 
1200 
1376 
1334 
5449 
6063 
5837 
3082 
3165 
3205 
2754 
1949 
1927 
2612 
2181 
2167 
2302 
1583 
1583 
M 
u 
MU7 
1.00 
1.40 
1.34 
1.00 
1.23 
1. 18 
1.00 
1 • 15 
1. 11 
1.00 
1. 12 
1.07 
CPu 
CPu7 
1.00 
1.03 
1.04 
1.00 
0.71 
0.70 
1.00 
0.84 
0.83 
1.00 
0.69 
0.69. 
f\) 
+:-
f-J 
TABLE 9.2 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR STEELS 5, 7 AND 8 
FOR SLOW TEST--HIGH LEVELS OF ULTIMATE AXIAL LOAD 
P DEPTH LEVER M ¢ 
STEEL P u TO ARM M ¢ u u P t E E3 E2 -u P07 u N.A. u u Mu7 ¢u7 
kips ~': in. in. in.-kips -6 10 lin. 
7 0.01 500 0.786 0.0075 0.00600 0.00170 15.56 5.97 606 484 1.00 1.00 
5 0.01 500 0.786 0.0075 0.00600 0.00164 15.42 6.01 649 486 1. 07 1.00 
8 0.01 500 0.786 0.0075 0.00600 0.00172 15.62 5.95 622 480 1. 03 0.99 
7 0.08 1000 0.650 0.0078 0.00600 0.00061 13.01 6.83 2417 600 1.00 1. 00 
5 0.08 1000 0.650 0.0079 0.00600 0.00048 12.80 6.90 2748 615 1. 14 1. 02 [\) 
-!=-
8 0.08 1000 0.650 0.0078 0.00600 0.00056 12.95 6.86 2530 602 1.05 1. 00 [\) 
*-is for tension 
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TABLE 9.3 
COMPARISON OF ULTIMATE MOMENTS FOR STEELS 5, 7 AND 8 (S LOW TEST) 
WITH THOSE FOR STEE L 7 AS PER ACI CODE 
STEEL P CONC. M M Pt qt CURVE E u u u u 
Mu7 (AC I Code) 
kips in.-kips 
7 0 0.01 0.20 A 0.0030 760 1. 00 
7 0 0.01 0.20 B 0.0090 748 0.99 
5 0 0.01 0.20 B 0.0100 1043 1 .37 
8 0 0.01 0.20 B 0.0100 999 1 .31 
7· 0 0.08 1. 60 A 0.0030 4958 1.00 
7 0 0.08 1.60 B 0.0100 5005 1 .01 
5 0 0.08 1.60 B 0.0100 6173 1.24 
8 0 0.08 1.60 B 0.0100 5878 1. 18 
7 35 0.01 0.20 A 0.003 933 1 .00 
7 35 0.01 0.20 B 0.010 905 0.97 
5 35 0.01 0.20 B 0.010 1190 1.28 
8 35 0.01 0.20 B 0.010 1150 1 .22 
7 80 0.08 1.60 A 0.003 5257 1.00 
7 80 0.08 1. 60 B 0.01'0 5360 1.02 
5 80 0.08 1. 60 B 0.010 6120 1. 16 
8 80 0.08 1. 60 B 0.010 5870 1 • 1 1 
7 500 0.01 0.20 A 0.0030 933 1.00 
7 500 0.01 0.20 B 0.0075 606 0.65 
5 500 0.01 0.20 B 0.0075 649 0.70 
8 500 0 .• 01 0.20 B 0.0075 622 0.67 
7 1000 0.08 1. 60 A 0.0030 2740 1.00 
7 1000 0.08 1. 60 B 0.0078 2417 0.88 
5 1000 0.08 1. 60 B 0.0079 2748 1. 00 
8 1000 0.08 1.60 B 0.0078 2530 0.92 
TABLE 9.4 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR STEELS 1,2 AND 3 
FOR SLOW TEST--LOW LEVELS OF ULTIMATE AXIAL LOAD 
DEPTH LEVER M ¢ 
STEEL fl TO ARM M ¢ u u Pt qt r (3 E2 Mu2 ¢u2 c u N.A. u u 
i', in. in. in.-kips -6 10 lin. 
P = 0 
u 
2 0.01 3000 0.25 ' 0.0100 0.00111 -0.02955 3.03 10.74 900 3296 1.00 1.00 
1 0.01 3000 0.25 0.0100 0.00112 -0.02557 3.38 10.62 1282 2961 1.43 0.90 
3 0.01 3000 0.25 0.0100 0.00112 -0.02557 3.38 10.62 1282 2961 1. 63 0.90 
2 0.08 3000 2.00 0.0090 0.00216 -0.01834 3.95 10.59 6219 2279 1.00 1.00 
f\) 
0008 3000 2.00 000100 0.00475 -0001098 5.72 ' 9.72 8370 1749 1 .35 0.77 + + 
3 0.08 3000 2.00 0.0100 0.00496 -0.01015 5096 9.61 8046 1679 1.30 0.74 
P = 100 kips 
u 
2 0.01 3000 0.25 0.0100 0.00240 -0.02039 3.95 10.38 1352 2532 1.00 1.00 
0001 3000 0.25 0.0100 0.00385 -0.01460 4.88 10.00 1655 2050 1.22 0.81 
3 0.01 3000 0.25 0.0100 0.00402 -0.01391 5.02 9.94 1645 1993 1 .22 0.79 
2 0.08 3000 2.00 0.0090 0.00290 -0001541 4.35 10.39 6665 2035 1 .00 1.00 
0.08 3000 2.00 0.0100 0.00548 -0.00806 6064 9.28 8350 1505 1.26 0.74 
3 0.08 3000 2.00 0.0100 0.00556 -0.00776 . 6.76 9.23 7981 1480 1.20 0.73 
"k_is for tension 
TABLE 9.5 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR STEELS 1, 2 AND 3 
FOR SLOW TEST--HIGH LEVELS OF ULTIMATE AXIAL LOAD 
P DEPTH LEVER M ¢ 
STEEL P u TO ARM M ¢ u u P t E E3 E2 -u P02 u N.A. u u Mu2 ¢u2 
kips -'- j n. in. in.-kips -6 10 lin. 
2 0.01 500 0.746 0.0075 0.00600 0.00150 15.00 6.15 731 500 1.00 1. 00 
0.01 500 0.746 0.0075 0.00595 0.00128 14.52 6.30 919 517 1. 26 1. 03 
3 0.01 500 0.746 0.0075 0.00596 0.00135 14.66 6.29 871 512 1.19 1.02 
2 0.08 1000 0.550 0.0080 0.00604 0.00014 12.22 7.08 3600 655 1.00 1.00 
0.08 1000 0.550 0.0081 0.00600 -0.00036 11.48 7.33 4933 707 1. 37 1. 08 f\) +:-
IJl 
3 0.08 1000 0.550 0.0080 0.00594 -0.00024 11.66 7.29 4607 686 1. 28 1.05 
*-1s for tension 
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TABLE 9.6 
COMPARISON OF ULTIMATE MOMENTS FOR STEELS 1, 2 AND 3 (SLOW TEST) 
WITH THOSE FOR STEEL 2 AS PER ACI CODE 
STEEL P CONC. M M Pt qt CURVE E u u u u Mu2~ACI Code) 
kips in.-kips 
2 0 0.01 0.25 A 0.0030 916 1.00 
2 0 0.01 0.25 B 0.0090 897 0.98 
1 0 0.01 0.25 B 0.0100 1282 1.40 
3 0 0.01 0.25 B 0.0100 1282 1.40 
2 0 0008 2.00 A 0.0030 5711 1.00 
2 0 0.08 2.00 B 0.0090 6219 1.09 
1 0 0.08 2.00 B 0.0100 8370 1.47 
3 0 0.08 2.00 B 0.0100 8046 1.41 
2 100 0.01 0.25 A 0.0030 1351 1.00 
2 100 0.01 0.25 B 0.0100 1352 1.00 
1 100 0.01 0.25 B 0.0100 1655 1.22 
3 100 0.01 0.25 B 0.0100 1645 1.22 
2 100 0.08 2.00 A 0.0030 5487 1.00 
2 100 0.08 2.00 B 0.0090 6665 1.21 
1 100 0.08 2.00 B 0.0100 8350 1.52 
3 100 0.08 2.00 B 0.0100 7981 1.46 
2 500 "0.01 0.25 A 0.0030 1036 1.0 
2 500 0.01 0.25 B 0.0075 731 0.70 
1 500 0.01 0.25 B 000075 919 0.88 
3 500 0.01 0.25 B 0.0075 871 0.84 
2 1300 0.08 2.00 A 0.003 246l 1.00 
2 1300 0.08 2".00 B 000080 2340 0.97 
1 1300 0.08 2.00 B 0.0081 3650 1.48 
3 1300 0.08 2.00 B 0.0080 3290 1.33 
fl Pt c 
psi 
0.01 3000 
0.01 3000 
0.01 3000 
0.01 3000 
0.01 3000 
0.01 3000 
0.04 4000 
0.04 4000 
0.04 4000 
0.04 4000 
0.04 4000 
0.04 4000 
0.08 5000 
0.08 5000 
0.08 5000 
0008 5000 
0.08 5000 
0.08 5000 
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TABLE 10.1 
COMPARISON OF ULTIMATE MOMENTS AND CURVATURES FOR GRADE 60 
CADWELD-SPLICED BARS WITH FLAT-TOP STEEL (ACI CODE) 
STEEL P P ¢ M M qt u u E u 
P u7 
u u u 
Mu2 
-6 kips 10 lin. 'in.-kips 
0.20 7 0 0 0.0030 1126 760 1.00 
0.20 9,10 0 0 0.0100 3104 1008 1.32 
0.20 7 200 0.286 0.0030 421 1516 1.00 
0.20 9,10 180 0.260 0.0050 880 1350 0.89 
0.20 7 550 0.786 ' 0.0030 193 705 1.00 
0.20 9,10 540 0.770 0.0030 200 690 0.98 
0.60 7 0 0 0.0030 712 2641 1. 00 
0.60 9,10 0 0 0.0100 2480 3493 1. 32 
0.60 7 230 O. 182 0.0030 430 3440 1.00 
0.60 9,10 227 0.179 0.0080 1400 3400 0.99 
0.60 7 800 0.630 0.0030 231 2129 1.00 
0.60 9,10 785 0.619 0.0040 360 2080 0.98 
0.96 7 0 0 0.0030 591 5088 1.00 
0.96 9,10 0 0 0.0100 ' 2176 6483 1. 27 
0.96 7 254 O. 130 0.0030 430 5900 1. 00 
0.96 9,10 260 0.133 0.0095 1560 6100 1. 03 
0.96 7 1400 0.715 0.0030 198 2564 1. 00 
0.96 9,10 1380 0.705 0.0040 280 2540 0.99 
¢ 
u 
¢u2 
1.0 
2.76' 
1. 00 
2.08 
1. 00 
1. 04 
1. 00 
3.48 
1.00 
3.25 
1.00 
1. 56 
1. 00 
3.68 
1.00 
3.62 
1. 00 
1.41 
f I Pt c 
psi 
0.01 3000 
0.01 3000 
0.01 3000 
0.01 3000 
0.01 3000 
0.01 3000 
0.04 4000 
0.04 4000 
0.04 4000 
0.04 4000 
0.04 4000 
0.04 4000 
0.08 5000 
0.08 5000 
0.08 5000 
0.08 5000 
0.08 5000 
0.08 5000 
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TABLE 10.2 
COMPARISON OF ULTIMATE MOMENTS AND CURVATURES FOR GRADE 75 
CADWELD-SPLICED BARS WITH FLAT-TOP STEEL (ACI CODE) 
STEEL P P ¢ M qt u E u P02 
u u u 
-6 kips 10 / in. in.-kips 
0.25 2 0 0 0.0030 1030 916 
0.25 11 , 12 0 0 0.0100 3001 1099 
0.25 2 169 0.230 0.0030 450 1560 
0.25 11 , 12 155 0.210 0.0070 1240 1430 
0.25 2 514 0.700 0.0030 200 1010 
0.25 11 , 12 495 0.675 0.0030 250 970 
0.75 2 0 0 0.0030 615 3228 
0.75 11 , 12 0 0 0.0100 2428 3797 
0.75 2 125 0.090 0.0030 480 3700 
0.75 11 , 12 133 0.095 0.0100 1920 3950 
0.75 2 975 0.700 0.0030 180 1840 
0.75 11 , 12 925 0.667 0.0045 360 1750 
1.20 2 0 0 . 0.0030 495 6224 
1.20 11 , 12 0 0 0.0100 2203 7183 
1.20 2 88 0.040 0.0030 450 6350 
1.20 11 , 12 100 0.045 0.0100 2000 7250 
1.20 2 1550 0.700 0.0030 200 2940 
1 .20 11 , 12 1490 0.675 0.0065 460 2830 
M ¢ 
u u 
Mu2 ¢u2 
1.00 1.00 
1.20 2.92 
1. 00 1.00 
0.92 2.76 
1.00 1.00 
0.96 .1.25 
1.00 1.00 
1. 18 3.94 
1.00 1.00 
1.07 4.00 
1.00 1.00. 
0.95 2.00 
1.00 1.00 
1. 15 4.45 
1.00 1.00 
1. 14 4.45 
1.00 1.00 
0.96 2.30 
TABLE 10.3 
COMPARISON OF STRAINS, MOMENTS AND CURVATURES FOR GRADE 60 SPLICED BARS 
WITH THOSE FOR FLAT-TOP STEEL--SLOW LOADING 
DEPTH LEVER M ¢ 
STEEL fl TO ARM M ¢ _u_ u Pt ' qt E E3 E2 -c u N.A. u u MU7 ¢ u7 
psi ;': ~'r in. tn. in.-kips -6 10 lin. 
P 0 
u 
7 0.01 3000 0.20 0.009 -0.00024 -0.02800 2.92 10.82 748 3082 1.00 1.00 
9,10 0.01 3000 0.20 0.010 0.00054 -0.02784 3. 17 10.69 1057 3153 1.41 1.02 
7 0.04 4000 0.60 0.010 o • 00 118 - 0 • 02528 3.40 10.66 2622 2940 1.00 1.00 
9,10 0.04 4000 0.60 0.010 0.00231 -0.02075 3.90 10.47 3618 2563 1038 0.87 
f\) 
7 0.08 5000 0.96 0.010 0.00152 -0.02390 3.54 10.69 5100 2825 1.00 1.00 +=:-\.0 
9,10 0.08 5000 0.96 0.010 0.00329 -0.01683 4.47 10.33 6701 2236 1 .31 0.79 
P
u 
; 400 kips, Pu/P07 ; 0.630 
7 0.01 3000 0.20 0.0078 0.00600 0.006 13.00 6.96 1010 600 1.00 1.00 
9,10 0.01 3000 0.20 0.0080 0.00620 0.00080 13.32 7.04 1078 600 1.07 1.00 
, 
P
u 
; 800 kips, Pu/P07 = 0.674 
7 0.04 4000 0.60 0.0078 0.00600 0.00079 13.35 6.74 1704 580 1.00 1.00 
9,10 0.04 4000 0.60 0.0078 0.00597 0.00064 13007 6085 1950 598 1. 14 1.03 
P
u 
= 1200 kips, Pu/P07 = 0.646 
7 0.08 5000 0.96 0.0078 0000597 0000061 13.10 6.84 2880 594 1.00 1.00 
9,10 0.08 5000 0.96 0.0078 0.00592 0.00043 12.80 6.94 3370 607 1 • 17 1.02 
'i'~_ is for tens ion 
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TABLE 10.4 
COMPARISON OF ULTIMATE MOMENTS FOR SPLICED BARS (9,10) AND STEEL 7 
FOR SLOW LOADING WITH THOSE FOR STEEL 7 AS PER ACI CODE 
STEEL P CONCa M M Pt qt CURVE E u u u u 
Mu7 (AC I Code) 
kips in.-kips 
7 0 0.01 0.20 A 0.0030 760 1.00 
7 0 0.01 0.20 B 0.0090 748 0.98 
9,10 0 0.01 0.20 B 0.0100 1057 1.39 
7 0 0.04 0.60 A 0.0030 2641 1.00 
7 0 0.04 0.60 B 0.0100 2622 0.99 
9,10 0 0.04 0.60 B 0.0100 3618 1.37 
7 0 0.08 0.96 A 0.0030 5088 1. 00 
7 0 0.08 0.96 B 0.0100 5100 1.00 
9,10 0 0.08 0.96 B 0.0100 6701 1.32 
7 400 0.01 0.20 A 0.0030 1250 1.00 
7 400 0.01 0.20 B 0.0078 1010 0.81 
9,10 400 0.01 0.20 B 0.0080 1078 0.86 
7 800 0.04 0.60 A 0.0030 2129 1.00 
7 800 0.04 0.60 B 0.0078 1704 0.80 
9,10 800 0.04 0.60 B 0.0078 1950 0.81 
7 1200 0.08 0.96 A 0.0030 3413 1.00 
7 1200 0.08 0.96 B 0.0078 2880 0.84 
9,10 1200 0.08 0.96 B 0.0078 3370 0.99 
TABLE 1005 
COMPARISON OF STRAINS, CURVATURES AND MOMENTS FOR GRADE 75 SPLICED BARS 
WITH THOSE FOR FLAT-TOP STEEL - SLOW LOAD I NG 
DEPTH LEVER M ¢ 
STEEL fl TO ARM ¢ M u u Pt . qt E E3 E2 -c u N.A. u u Mu2 ¢u2 
..,1: -6 10 lino in.-kips 
P 0 
u 
2 0.01 3000 0.25 000100 0.00111 -0.02955 3.03 10.74 3296 900 1.00 1.00 
11 , 12 0.01 3000 0.25 0.0100 0.00083 -0.02669 3.27 10.66 3058 1152 1.29 0.93 
2 0.04 4000 0.75 0.0100 0.00161 -0.02358 2798 3231 1.00 1.00 
] 1 , 12 0.04 4000 0.75 0.0100 0.00252 -0.01991 4.01 10.43 24 2 3912 1.22 0.89 
2 0.08 5000 1.20 0.0100 0.00195 -0.02218 2682 6315 1.00 1.00 
11 , 12 0.08 5000 1.20 0.0100 0.00306 -0.01690 4.45 10.34 2245 7371 1. 17 0.84 
f\) 
\Jl 
f-' 
P 500 kips = 0.746 P02 u 
2 0.01 3000 0.25 0.0075 0.00600 0.00·149 14096 6. 17 500 750 1.00 1.00 
11 , 12 0001 3000 0025 0.0075 0.00599 0.00145 14.89 6.21 504 832 1 • 1 1 LOO 
P
u 
= 1000 kips = 0.757 P02 
2 0.04 4000 0.75 0.0075 0.00599 0.00145 14.84 6.21 505 1440 1.00 1. 00 
11,12 0.04 4000 0.75 0.0075 0.00596 0.00135 14.64 6.30 512 1736 1. 20 1.01 
P 1500 kips = 0.707 P02 
u 
2 0.08 5000 1. 20 0.0075 0.00600 0.00108 13.70 6.50 546 2784 1.00 1.00 
11,12 0.08 5000 1.20 0.0078 0.00599 0.00096 14.45 6.60 542 3366 1.20 1.00 
*-is for tension 
252 
TABLE 10.6 
COMPAR I SON OF ULTIMATE MOMENTS FOR GRADE 75 SPLICED BARS (1 1 , 12) 
AND STEEL 2 FOR SLOW LOADING WITH THOSE FOR STEEL 2 AS PER 
ACI CODE 
STEEL P CONC. M M Pt qt CURVE E u u u u M (AC I Code) 
u 
kips in.-kips 
2 0 0.01 0.25 A 0.0030 916 1.00 
2 0 0.01 0.25 B 0.0100 900 0.98 
11 , 12 0 0.01 0.25 B 0.0100 1152 1.26 
2 0 0.04 0.75 A 0.0030 3228 1.00 
2 0 0.04 0.75 B 0.0100 3231 1.00 
11 , 12 0 0.04 0.75 B 0.0100 3912 1.21 
2 0 0.08 1.20 A 0.0030 6224 1.00 
2 0 0.08 1.20 B 0.0100 6315 1 .01 
1 1 , 12 0 0.08 1.20 B 0.0100 7371 1 • 18 
2 500 0.01 0.25 A 0.0030 1036 1.00 
2 500 0.01 0.25 B 0.0075 750 0.72 
1 1 , 12 500 0.01 0.25 B 0.0075 832 0.80 
2 1000 0.04 0.75 A 0.0030 1762 1. 00 
2 1000 0.04 0.75 B 0.0075 1440 0.82 
1 1 , 12 1000 0.04 0.75 B 0.0075 1736 0.99 
2 1500 0.08 1.20 A 0.0030 3067 1.00 
2 1500 0.08 1.20 B 0.0075 2784 0.91 
1 1 , 12 1500 0.08 1 .20 B 0.0078 3366 1.09 
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READ 
SECTION PROPERTIES 
SUBROUTINE 'DATA' 
READS AND PRINTS THE STRESS 
AND STRA I N VALUES 
~ ______ ---l'L 
CALL DATA I 
FOR STEEL AND CONCRETE 
SUBROUTINE 'ASTSS' 
ARRANGES STRESS-STRAIN VALUES 
IN THE ASCENDING ORDER OF 
STRAIN 
~--_-----;~ CALL ASTSS 1 
SUBROUTINE ISPC' 
CALCULATES STRESS FOR ANY 
STRAIN IN STEEL OR CONCRETE 
SUBROUTINE 'PHIMI 
OBTAINS MOMENT-STRAIN 
RELATIONSHIP 
(1) ASSUME CURVATURE AND 
CALCULATE STRAINS 
(2) CALL AFA 
(3) CHECK EQUILIBRIUM 
PRINT OUTPUT 
SUBROUTINE IAFA' 
CALCULATES FORCES AND MOMENT 
(1) CALL SPC FOR STRESSES 
IN STEEL AND CONCRETE 
(2) CALL FORCE 
(3) CALL MOMENT 
SUBROUTINE 'FORCE' 
CALCULATES CONCRETE 
FORCE 
S~BROUTINE MOMENT 
CALCULATES MOMENT 
OF CONCRETE FORCE 
CALCULATE P 
o 
CALL SPC FOR EACH 
TR IAL VALUE 
OF STRAIN 
IN STEEL AND 
CONCRETE 
CALL PHIM 
PRINT 
<!J ,E ,P AND M 
u u u u 
ALL 
LOAD ? 
LEVELS 
YES 
1 ~ 
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NO 
ALL NO 
I NTERACT I ON ? 
D lAGS. 
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OUT 
FIG. 3.3 BLOCK DIAGRAM FOR COMPUTER PROGRAM 
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OBTAINED FROM TESTS 
23 30 32 34 
." 
~ 
.. 
." 
en 
tJ 
L 
.j,.J 
V) 
100 
90 
80 
70 
60 
50 
40 
30 
20 
10 
o 
o 2 4 6 
1 • 
2. 
3. 
8 10 12 14 16 18 20 22 24 26 28 
Strain x 103 
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FIG. 4.6 STRESS-STRAIN CURVlS FOR GRADE 75 STEELS SELECTED FOR ANALYSES 
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FIG. 10.2 STRESS-STRAIN CURVES FOR CADWELD-SPLICED BARS OF GRADE 75 STEEL - 10 IN. GAGE LENGTH 
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FIG. 10.3 COMPARISON OF LOAD-MOMENT DIAGRAMS FOR SPLICED BARS (9,10) AND STEEL 7 - SHORT-TIME LOADING 
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FIG. 10.4 COMPARISON OF LOAD-MOMENT DIAGRAMS FOR SPLICED BARS (9,10) AND STEEL 7-- SHORT-TIME LOADING 
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FIG. 10.6 COMPARI.SON OF LOAD-CURVATURE DIAGRAMS FOR SPLICED BARS (9,10) AND STEEL 7 - SHORT-TIME LOADING 
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FIG. 10.9 COMPARISON OF LOAD-MOMENT DIAGRAMS FOR SPLICED BARS (11,12) AND STEEL 2 - SHORT-TIME LOADING 
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FIG. 10.10 COMPARISON OF LOAD-CURVATURE DIAGRAMS FOR SPLICED BARS 
(11,12) AND STEEL 2-SHORT-TIHE LOADING 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
P 
u 0.5 
P02 
0.4 
0.3 
0.2 
0 • .1 
0 
E < 0.003 < 0.010 
U - -
A,~ STEEL 2 a b \\ \ ----' \ (11,12) c d \ \ 
---
-- ----
--------
\ 1 ~ 
, , 
I 
\1\ 
\ 
\ 
\ 
I 
. \ 
' \ \ 
1 \ J P = 0.08 \ \ 
I 
t 
\ \ \ fl c: 3000 psi \ c 
i" \ ~ Cl t = 1.20 \ 
\ \ \ 
" 
I \ , 
d , \ 
'.( 
,"-. b ", \ ~ "-a_~\c " " ) , 
/' 
.... , 
" o 4 8 12 16 20 24 28 
~ 
" 
,\ 
1\\ 
' \ 
\ \ 
\ \ 
\ 
\ \ 
a ,t \ 
\ , 
\ \ '\. 
"" 
\ \\ "-
\, '\ 
\ 
"xb \\c 
a-\\ ) ;/ 
32 o 4 8 
-4 . (\ 10 / In. 
u 
I 
Pt = 0.04 
fl = 4000 psi 
C 
qt = 0.75 
" 
" 
" 
" 
..... 
, d 
x, 
, 
"-
"-, 
, 
12 16 20 24 23 32 
--
\..N 
0\ 
f---1 
36 
FIG. 10.11 COMPARISON OF LOAD-CURVATURE DIAGRAMS FOR SPLICED BARS (11,12) AND STEEL 2 - SHORT-TIME LOADING 
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FIG. 10.14 COMPARISON OF LOAD-MOMENT DIAGRAMS FOR SPLICED BARS (9,10) AND STEEL 7 - SLOW LOADING 
1.2 
1 • 1 
1 .0 
0.9 
0.8 
0.7 
0.6 
P 
u 0.5 P07 
0.4 
0.3 
0.2 
o. 1 
o 
~ .... 
~\ 
\\ 
\ , 
\ 
\ \, p = 0.01 t f' == 3000 psi 
c 
'\ \ STEEL qt = 0.20 
'SlI"O) 
7 ~, 
~ ... 
.......... ~ ~ 
'') ~, 
o 4 8 1 2 16 20 24 28 32 36 40 
-4 4> 10 lin. 
, u 
FIG. 10.15 COMPARISON OF LOAD-CURVATURE DIAGRAMS'FOR SPLICED 
BARS, (9, 10) AND STEEL 7 - SLOW LOAD I NG 
1 • 1 
1.0 
0.9 
0.8 
0.7 
0.6 
P 
u 
P07 
0.5 
0.4 
0.3 
0.2 
o. 1 
o 
r--, 
'" ~ 
\ 
\ 
\ 
\ 
\ STEEL " (9,12) Pt = 0.04 
~< fl = 4000 psi \ c 
~ , qt = 0.60 " " ....... "-> ~ 7 ~ "-
............. 
" 
"- ""-, 1\ , .... '_ ....... 
o 4 8 12 16 20 24 28 32 
~, 
'\. 
~~ 
~ 
\ 
\ 
\! 
,\ STEEL 
y~. (9,10) P t :II: 0.08 \ '{ fl -= 5000 psi 
\, c 
1\ \ qt = 0.96 !', '\ , (--~ ~ 
o 4 
-4 
¢ 10 lin. 
u 
" 
8 12 16 
~ , ~ t', ~ 
20 24 28 
FIG. 10.16 COMPARISON OF LOAD-CURVATURE DIAGRAMS FOR SPLICED BARS (9,10) AND STEEL 7 - SLOW LOADING 
32 
>J 
1\ 0\ 
0\ 
36 
1.2 
1 • 1 
1.0 
0.9 
0.8 
0.7 
0.6 
P 0.5 u 
P02 
0.4 
0.3 
0.2 
o. 1 
t 
0 
~ 
~ " ......... ~,., 
......... ~ ", 
I'-... ' .. STEEL 
"" 
........ (11,12) ~ ~/ 
~ f'. -' ~, 
~ ~, 
~L 
"-~ Pt :: 0.01 
'.'\ 
fl :: 3000 psi \ ) \ c I 
qt :: 0.20 /' 
V, V / I / 
./ 
V / / v/ // 
o 0.2 0.4 0.6 0.8 1~0 1.2 
'\:/M02 
1.4 1.6 '1.8 2.0 
FIG. 10.17 COMPARISON OF LOAD-MOMENT DIAGRAMS FOR SPLICED BARS 
(11,12) AND STEEL 2 - SLOW LOADING 
1 • 1 l 
1.0 
0.9 
0.8 
0.7 
0.6 
P 0.5 
u 
P02 
0.4 
0.3 
0.2 
0.1 
1', ~, 
" ~ 1', ~\ 
'-1\, \ \ 
", P := 0.04 '" \\, P t = 0.08 I 
'\\ t \ I' \ f~ ~ 5000 P~I f I I: 4000 ps i \ 
J C. 1\ \ 
'\ '- 1 q :: 0.75 \ qt = 1.20 ~'\ t STEEL , STEEL 
I' \ ( 11 • 12) 
\ 
v(11,12) I 
." 1\\ I Y' ~\ . 2\ 2~ \ I \ I \ 
I\. \, \ " ~, \ \ I 
\ '\ 1 
V,I ) J 
/ I V) l / 
\.J-I 
8:j 
o 
o 0.2 0.4 0.6 0.8 J.O 1.:~ 1.4 1.6 o 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 
Mu/M02 
FIG. 10.18 COMPARISON OF LOAD-MOMENT DIAGRAMS FOR SPLICED BARS (11,12) AND STEEL 2 - SLOW LOADING 
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